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1 Introduction

We present a locality-based algorithm to solve the prob-
lem of splittinga complex of convex polytopeswith ahyper-
plane or a convex subset of it. The solution to this problem
has several applications. One goa is to perform boolean set
operations. The solution can also be used to decompose a
polyhedron into convex polytopes [3] and to generate good
meshes [4]. In higher dimensional spaces it can be used
to efficiently compute isocontours of linear approximations
of scalar fields (a basic technique of Scientific Visuaiza-
tion) [17, 19]. The approach taken here can also be included
inaset of robust algorithms[11, 13, 15, 20, 27, 28] based on
finite precision arithmetic. It is aso defined in a dimension
independent framework [5, 16, 24, 25].

The main contributions of this approach are: (i) it can
be applied to polyhedral complexes of any dimension d; (ii)
the algorithmis robust (it always produces valid output) and
consistent (the topological structure of the result always has
a geometric counterpart); (iii) it can be used to split a poly-
hedral complex with any convex subset of a hyperplane;
(iv) degradation of the decomposition quality in the result
is avoided since the computations are performed only lo-
cally, in the zones where the splitting really takes place; (v)
the worst case time complexity for the intersection between
two d-dimensional polyhedra with m vertices and n facets
isO(m*te + j n m=Y1l4/2 logm + p ¢ n), where j,p
and ¢ are (small) constants that depend on shape and relative
position of the two polyhedra.

The main idea for robustness (similar to [13]) isto com-
pute the result using mostly symbolic manipulationsand fur-
ther reduce any numerical computationsas much as possible.
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The algorithm for splitting a polyhedral complex with a hy-
perplane & isdivided into three phases: (i) in thefirst phase,
primary numerical computations are performed to classify
vertex positions with respect to A; (ii) in the second phase,
symbolic manipulationsreturn thetopological structure of the
result; (iii) in the final phase, secondary numerical computa-
tions are used to detail the geometric structure of the result.
Itisalso possibleto collapse small undesired polytopesusing
symbolic postprocessing.

A leading idea is the maintenance of a search structure.
The difference of our approach is that we do not use parti-
tioning trees [23, 26, 29, 31] as search trees structure since
its optimization is lost as cascading computations are per-
formed. This happens both on trees optimized with respect
tothe number of cellsinduced by the tree decomposition [26]
and for trees optimized with respect to the expected traversa
time[22]. Moreover, performing bool ean set operationswith
aBSP[23, 29] involvesmany extraneous computationssince
each traversal of aface in a tree requires splitting the face
at each visited node. If the leaves of the tree reached by a
face at the end of the traversal all have equal classification
then the computed subdivisions are discarded. Note that if
we intersect two complexes of convex polytopesthese extra-
neous subdivisions are computed for all the internal faces of
one complex that intersect the internal (external) cells of the
other complex.

The aternative scheme we use is to define the traversal
of the search structure associated with the complex of poly-
topes as a range search query [1, 18]. In particular, when
we intersect two polyhedra, A and B, we wish to limit the
computation of split cellsin polyhedron A to the zones in-
tersecting the boundary facets of B. This is achieved by
performing, for each face of B, some halfspace range report-
ing queries and an incremental update of the search structure
(as described in[2]) when new vertices are introduced in A.
Since we intersect the boundary facets of B with the poly-
topes of A we avoid having to perform the detection [8] and
computation of intersections between pairs of convex poly-
topes[6, 7]. The basic step of our algorithm is the splitting
of a convex polytope with a hyperplane. This has the ad-



vantage of simplicity and known topological structurein any
dimension [14].

Overview In Section 2 we outline the approach for a
simplified context where only a single polytopeistaken into
account and numerical computations are considered exact.
In Section 3 the method is extended for a complex of convex
polytopes. We show how to apply the algorithm locally to
only the zones where the splitting affects the complex. In
Section 4 the consistency of the method is enforced and a
postprocessing is provided to remove small or degenerate
polytopesfrom theresult. In Section 5 we briefly analyze the
asymptotic worst case complexity of the algorithm.

2 Polytope Splitting

Consider the (rel ative-closed) faces of acell ¢ and therelation
of inclusion between pairs of such faces. We can construct
for the cell ¢ agraph G with the same structure of the Hasse
diagram [30] but with oriented arcs corresponding to the
direction of theinclusion relation. Considering the set of all
the cells in a complex C we obtain an extended graph G*.
Figure 1 showsthegraph G* for thecomplex C= {¢, d}. The
set N* (V) of the nodes of G* () is partitionedinto d + 1
sets N (), i = 0,...,d, where N (N;) contains all the
nodes representing the ¢-dimensional faces of C(c).

Withreferenceto thegraph G*, wecall theface f; directly
incident to theface f> if thereisadirected arc from f; to fo.
We call the two faces f1 and f, ssmply incident if thereis
some path from f; to f> or from f, to f,. Moreover if there
isaface f3 direct incident to both f, and f; we say that f; is
adjacent to f,.

Definition 1 We say that the complex C* is one split of the
complex C with a convex subset ¢ of a hyperplane # if every
k-dimensional cell ¢ of C* intersects one and only one k-
dimensional cell of C and at most one k-dimensional face of

g.

For the remainder of this section we focus on the simple
case C = {c} and ¢ = h, that is on the problem of splitting
asinglecell ¢ with an entire hyperplane 4. In the following
sections we will show how this approach can be generalized.

2.1 Basic Structural Properties

I n thissubsection we show how to usethe graph G to symbol -
ically computethe splitting of apolytope ¢ with ahyperplane
h. We first state some properties of & relating to 4.

Assume in the following that ~» does not contain any
vertex of ¢. The configurationwith & intersecting a vertex of
¢ isadegenerate case. Followingthe SoS paradigm [10], we
ignore it. In practice thisis a general position assumption
(see [21]) by which we do not consider the cases that occur
with zero probability. This does not mean that they are
impossible but that they can be removed with a perturbation.
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FIGURE 1: A complex of convex polytopes (a) composed
of two triangles ¢, d (2-polytopes), five edges f, g, h, i, j
(1-polytopes), and four vertices u, v, w, 2 (O-polytopes),
and (b) the associated graph G*.

Hence if A isthe linear form associated with the hyperplane
h, we classify avertex v as| + | (positive) if A(v) > 0and as
[-] (negative) if A(v) < 0. The implicit assumption is that
the value A(v) can be computed with infinite precision. We
postpone the problem of making the vertices' classification
consistent even if finite precision arithmetic is used until
Section 4. In the present section we continue to assume that
the computationsare exact and hence the classification of the
verticesis consistent.

Property 1 The intersection of the hyperplane » and the
polytope ¢ of intrinsic dimension d is either empty or equal
to a polytope ¢’ of dimensiond — 1.

Let At and A~ be the two hafspaces separated by the
hyperplane A.

Property 2 Theintersection of A+ (1) with the polytope ¢
of intrinsicdimension d iseither empty or equal to a polytope
¢t () of dimension d.

Note that if ¢t isempty then ¢~ = ¢, and if ¢~ isempty
then ¢t = ¢. If the hyperplane i effectively intersects the
cell ¢ we have also (see Figure 2 for ¢ equal to atriangle).

Property 3 Let fi, ..., f,, bethefacets of the polytopec and
compute f = cNh, fit = finkt, f7 = f; 0 h™, with
i =0,...,n. If ¢t (¢7) exists then the set of its facets is
composed of f and all the facets ;" (f;7).

Property 4 Let fi, ..., f,, bethefacets of the polytopec and
compute f = ¢ N h. The set of the facets of f isthe set of the
non-empty intersections f; N A.

As a consequence of Properties 3 and 4 the structure of
the intersection ¢ N h can be computed by simply grouping
the nonempty intersections f; N h, with f; ranging over the
set of ¢ facets. The facets f; are, in turn, convex polytopes
of dimension d — 1. Hence their intersection with h can
be computed by grouping the intersections of their boundary
facets with 4. This process can be applied recursively until



we reach the O-dimensional faces that we assumed cannot
intersect h.

What is the minimum amount of numerical computations
required to determine the structure of the result? Asa con-
seguence of the earlier discussion we need only (and cannot
avoid) to determine the position of the vertices of the poly-
tope with respect to the hyperplane . These are the primary
numerical computations needed to compute the topological
structure of the result.

Note that at first we are not required to compute the coor-
dinates of theintersectionsof the edgeswith /, sincewe only
need to know if such intersections exist. This information
is inferred from the vertex classification. When we know
which edges intersect 2~ we can proceed with the symbolic
computations creating new nodesin No. Each new nodein
Np (anew vertex of (7) isassociated to one hyperplane—edge
intersection. The numerical evaluation of such intersections
can be postponed as secondary computation.

2.2 TheHyperplane Splitting Algorithm

From the discussion above it is clear that we can define an
algorithm that symbolically computes the splitting of a d-
dimensional polytope ¢ with a hyperplane 2. The agorithm
iteratively performs the splitting of the k-faces of ¢, with &
increasing from 1 to d. The classification of the vertices of ¢
with respect to h is performed as a preliminary computation.

—Split —
Begin

Step 1 (primary numerical) Classify al the vertices of ¢
either[+]or[=] Thensetk = 1.

Step 2 (symbolic computation) For each ¢ € Ny, do:

— If none of itsfacetsis| + | (=) then classify ¢[]
(+) and goto Step 3;

— Create a new (k — 1)-polytope f (classified as
[=] and connect it to each (¥ — 2)-polytopein
¢ classified as[=]. Create two polytopes ¢t and
¢~ connected both (down) to f and (up) to al the
k + 1 polytopes connected with ¢. Connect each
(k — 1)-polytopein ¢ classified as| + [to ¢+, and
each oneclassified as[ -] to ¢~. Remove ¢ from
Ng.

Step3Ifk < dthenk = k + 1 and goto Step 2. Else
continueto Step 4.

Step 4 (secondary numerical) For each vertex v classified
[=], compute its coordinates by geometrically inter-
secting the hyperplane k with the edge divided in two
partsby v.

End

FIGURE 2: The structureof atrianglein three intermediate
phases of its split.

In Step 4 we need to compute the coordinatesof the newly
created vertices. To make the algorithm robust we need to
compute each vertex such that: (i) the computation never
fails, (ii) the resulting vertex aways falls between the two
extreme vertices of the divided edge. These two conditions
must apply even if the two extremes of the divided edge
belong to the same side of h. For this minor detail see
Appendix A.

The agorithm Split can be used to split al the poly-
topes that form a complex C. To avoid extraneous computa-
tions we can discard, during Step 1, the polytopes that have
all the vertices in the same side of A. In fact, the polytopes
that need to be processed in Step 2 are the polytopesthat have
at least one vertex above and one vertex below h. In Sec-
tion 3.3 amethod to select such polytopesis outlined. Here,
we want to note that the symbolic and secondary numerical
computations directly lead to the construction of the result;
that is, no intermediate data structure needs to be constructed
and then discarded. The only overhead might arise in the
first step in which we need to classify all the vertices of the
complex C to discard the polytopesthat are not split with 4.

Another important issue is that the algorithm is suitable
not only for convex polytopes represented by the set of their
geometric faces, but for any convex polytope whose bound-
ary isrepresented as a decompositionin convex polytopes of
lower dimension. Infact theonly propertiesthat are required



are that: (i) the polytopeis split in no more than two parts;
(ii) each “face” is, in turn, a convex polytope. In Section 3
we show how to take advantage of thisfact.

Asfinal remark we should notice the similarity of thisap-
proach with the beneath—beyond [9] algorithm for the com-
putation of the convex hull of a set of points. In fact both
algorithms are based on the incremental update of the in-
cidence graph of a polytope. The present approach can be
viewed as an application of the convex hull algorithm in the
dua space where faces become vertices and vice versa. The
extension of a polytope (convex hull) by addition of an ex-
ternal vertex is equivalent in the dual space to the reduction
of its dual polytope by intersection with a halfspace. Hence
if the origin of the space isinside the positive half ¢t of the
cell ¢ by application of the beneath—beyond algorithm in the
dual space we would have obtained ¢*. The only difference
with the present approach is that we consider both halves,
et and ¢~ generated by the splitting of ¢ with . This, in
the dual space, implies the computation of an “unbounded
convex hulls of points’, that requires a generalization of the
concept of a convex hull.

3 Weak Complex

In thissection weintroducethe definition of the datastructure
required to apply Split to a set of polytopesinstead of a
single polytope. Remember that a set of convex polytopes
forms a complex C if each pair of polytopesc,g € C has
intersection ¢ N ¢ either empty or equal to a face of both ¢
and ¢ (and such aface belongsto C).

We define a structure similar to the complex but less
restrictiveand equally suitablefor the algorithm of Section 2.

Definition 2 A set of convex polytopes forms a weak com-
plex WC if, for each pair of polytopesc and ¢, theinter section
f = ¢n g satisfies one of the following two conditions:

lLecng="0

2. ¢cNg=0cNod = fLU---Uf;, withfy, ..., f; € WC.

With some abuse of terminology we call a k-face of ¢ €
WC, any k-polytope f € WC suchthat f C dc.

In general, aweak complex need not be complex. Con-
versely every complex isalso aweak complex sinceit always
satisfies condition 2 of Definition 2, withi = 1 and f; being
a k-face of both ¢ and ¢. In Figure 3 two weak complexes of
intrinsic dimension two (@) and three (b) are depicted.

3.1 Splittinga Weak Complex
Proposition 1 If [ polytopes {c1, ¢y, ..., ¢}, of dimension

k < d, of aweak complex WC are split along a hyperplane
h then the resulting set of polytopes form a weak complex.

(b)

FIGURE 3: Two weak complexes that are not complexes.
In (a) the weak complex is composed of a set of five
convex polygons. In (b) the weak complex is composed
of a set of six cubes and four parallelepipeds.

Proof: The proof isinductiveinthe growingdimension & of
the split polytopes of W and incremental in the number of
split polytopes. In particular, assumethat we are splittingone
k-polytopec; atime, and that the (£ — 1)-skeleton of WC has
been decomposed in a (k — 1)-dimensional weak complex
WC* by splitting the boundary faces of al the polytopes
{e1,¢2,. .., c1}. Thenwecan splite; intwo halvesc), ¢; by
addinga(k — 1)-polytopeto WC* to obtain aweak complex
WC' = WC + {cf, i }) — {ei}

This process holds for ¥ = 0,1 since the 0-polytopes
cannot be split. Assume now (by induction) that we have
the (k — 1)-dimensional weak complex YWC*. The additional
(k — 1)-face f that splits ¢; in two halves is bounded by
(al and only) the (k — 2)-faces created by splitting dc along
h. Then WC* U {f} is a weak complex. WC' is a wesk
complex because, by construction, the intersection between
any pair of polytopes in WC' is a weak sub-complex of
WC* U {f}. Each time we split a polytope ¢; we get a
new weak complex. Hence, after we split, in sequence, the
polytopesc;, fori = 1,..., !, we obtain aweak complex. <

In summary, if we have a weak complex we can split
some of its polytopes along a hyperplane & to obtain, again,
a weak complex. This is an important property that does
not hold for the nonweak complexes and that allows us to
apply the splitting process locally. In fact, if we want to
maintain a complex after each splitting we must either split
all the polytopesthat intersect ., or decompose the polytopes
incidentto f1, fo, ..., fi.



3.2 Reconstructing a Complex

We now reduce a weak complex to acomplex as is required
inmany applications. Note, however, that aweak complex is
a decomposition into convex polytopes, and sometimes this
is sufficient.

The problem we want to solveis: Given a weak complex
WC, construct a complex C whose polytopes are subsets of
the polytopesin WC.

Proposition 2 A k-dimensional weak complex is always a
complex for £ < 1.

Proof:  This holds because a 0-polytope cannot be split.
Therefore the boundary of a 1-polytopeis always composed
of two O-polytopes (the two extreme vertices). Hence, an
1-dimensional weak complex is also acomplex. o

Asaconsequence, we can construct the complex € induc-
tively starting from the 1-skeleton of WWC and decomposing
the polytopes of increasing dimension. At each step, we as-
sume that the boundary of each polytope forms a complex
and not simply a weak complex. Such inductive procedure
can be applied if we can prove, in general, that given aweak
complex WC which (k — 1)-skeleton si acomplex C we can
decompose the cells of WW(C such that its k-skeleton becomes
also acomplex C*.

Proposition 3 If the (k — 1)-skeleton of a weak complex
WC of dimension £ is a complex C*, then we can construct
a k-dimensional complex C whose (£ — 1)-skeleton contains
c*.

Proof:  Take a generic convex polytope ¢ of WC. Its
boundary isdecomposed into acomplex of convex polytopes.
If such boundary polytopesare al geometric faces of ¢ then
nothing needs to be done. Otherwise, since the boundary
polytopes of ¢ are smaller than the geometric faces, we must
divide ¢ into a set of smaller polytopes.

Take anew point p inside ¢ (e.g. the barycenter). Then
assume that the (k¥ — 1)-skeleton of ¢ is composed of m
polytopesand the (k£ — 2)-skeleton of » polytopes. Construct
n new (k — 1)-polytopes connecting v with each polytope of
the (k — 2)-skeleton of ¢. These n polytopes can be added
to C* to form a new complex. The polytope ¢ can now be
replaced in WC by m new polytopes. The (k — 1)-skeleton
of each new polytopeiscomposed of onefacet f of ¢ and the
(k — 1)-polytopesthat are constructed by connecting v to the
facetsof f. Thenew polytopes(withtheir lower dimensional
faces) now form a complex. After al the polytopes of WC
have been dividedinthisway, acomplex C O C* isobtained.
<&

The validity of this proposition is important because it
impliesthat the polytopesthat have not been directly affected
by the splitting process do not need to be split. Moreover,
since the input data was a complex, we can know directly

which are the faces of a polytope that do not correspond
to a geometric face. In fact, in the beginning no face was
split. So we can give the same tag to the polytopes that
come from the same original face. Hence, the selection of
the polytopes that need to be further decomposed can be
performed symbolically by checking, for each polytope, if
there is a pair of its faces that have the same tag. If we
had to perform thischeck numerically it would have required
testing whether any pair of k-faces were embedded in the
same k-dimensional affine subspace.

In conclusion, the price we have to pay to obtain the
complex € from WC is the introduction of some new points
in the decomposition. It is evident that thisis not necessary
in dimension two.

Proposition 4 A 2-dimensional weak complex can be de-
composed into a complex without adding any new vertex.

In Figure 4, a possible decomposition of the weak com-
plex of Figure 3isshown. Thiscaseisparticularly important

FIGURE 4: A weak complex is shown in filled lines. A
complex is obtained by adding the dashed lines.

because we can use the algorithm of the previous section to
perform boolean operations on boundary representations of
polyhedra embedded in £2 (in this case the boundary of a
polyhedron is a 2-complex). We can split the boundaries
of the two operand polyhedra and then select some of their
polytopesto obtain the union, the intersection or the differ-
ence. The polytopes that are involved in this operation all
have dimension d < 2. This means that we can perform the
compl ete operation without adding any auxiliary point. If the
available boundary representation is not composed of con-
vex polytopes, then we can use the same method to reduce
it to a set of convex polytopes. In fact, for each nonconvex
cell we can split an enveloping convex polytope (e.g. the
bounding box) with its boundary (that must be a complex).
From the result it is easy to select the polytopesthat form a
decomposition in convex polytopes of the initial nonconvex
polygon.

The question of how to achieve a decomposition with-
out auxiliary vertices in any dimension seems to be an open
problem. A possible strategy could be to maintain the non-
weak complex after the split of each single polytope ¢. In
this way, we can assume that the boundary of any adjacent



polytope ¢ has only a few decomposed faces. Thisimplies
that at each step we divide not only ¢ but also the polytopes
that share with ¢ any face that has been split. This approach
could imply an increased number of split polytopes.

3.3 Polytope Classification

Thefirst step of theagorithm Sp1it on page 3requiresthe
classification of the positions of al the vertices with respect

to the hyperplane h. If our aim is to split the polytopes of

WC aong aconvex polytopeg embedded in i, and not along
the entire hyperplane h, we can take advantage of the ver-
tices' classification to reduce the number of split polytopes.
Thisis desirable to enhance the algorithm performance and
possible because we deal with a weak complex instead of a
complex. Infact, if wesplitall the polytopesthat intersect the
hyperplane &, we produce more splittingin WC than strictly
required by theinsertion of the polytopeg. Thisinducestwo
main negative consequences: (a) the number of polytopes
of the complex increases much more than required; (b) the
time spent to compute extraneous subdivisions slows down
the method. Thisisaconsequence of thefact that a basically
local problem is approached as if it were global. Here we
exploit the locality of the problem to improve the expected

performance of the algorithm.

Assume that the polytope ¢ that split WC has m facets
{f1,..., fm}. Theproblemisto select asubset W' of WC
of polytopes that can be split by g. Assume that WC*|;, is
the set of polytopesintersected by ~» and WC ™|}, isthe set of
polytopes contained in the halfspace A~ for any hyperplane
h. Then we compute the set W' as follows:

we' = (W6i|h ~Uwe- |f,)

i

where f; ranges over the boundary facets f; of ¢ (or, more
precisely, over the set of the hyperplanesin which the bound-
ary facets of ¢ are embedded). It is easy to see that for any
polytope ¢ € WC the two following properties are satisfied:

o ifcng# Bthenc e WC;
o ifcg WC thencng =0.

That is, WC' is a (hopefully small) superset of the set of
polytopes that intersect ¢. Then, instead of splitting all the
polytopesin WC*|;,, we can split only the polytopesin W(’.

Assume that, for agiven hyperplane &, we can detect the
set V'~ of the vertices that belong to the halfspace 2.~. We
wish to determine the polytopes across h and the polytopes
inside h~. For each element v € V—, we collect the inci-
dent polytopes that contain another vertex w € V' —. Such
polytopesare the polytopesin WC* |;,. Toobtain W~ |;, we
collect the polytopes that do not have any vertex w outside
V= . Itisevident that the two sets can be constructed at the

same time since every polytope ¢ incident to v € V'~ must
be contained either in WC*|;, or in WC~|;,. Thus, the pre-
liminary step can be reduced to a half-space range-reporting
problem. We use the search structure described in [2]. For
a set of m points, the construction of this search structure
requires O(m**<) time. This method performs each search
in O(m*~Y14/2l Jogm) time and the incremental insertion
of new verticesin O(m¢) time.

4 Enforcing Consistency

Strictly speaking, the a gorithm described above cannot fail,
since situationslike a division by zero cannot occur. In fact,
the sequence of operations is designed so that a result is
always achieved. However a problem arises in guaranteeing
the consistency of the result if the numerical computations
are not exact. In this section we present a technique that
can be used to force the primary numerical computations to
be consistent with the symbolic structure of the input data.
The technique adopted here is, basically, an extension of
the approach introduced by Hopcroft and Kahn [13]. Our
approach will also prevent the agorithm from generating
(almost) degenerate polytopesin the result.

4.1 Consstent Classification

In Section 2, we have assumed that the numerical computa-
tionswere correct and we conceptual ly perturbed the splitting
hyperplane & so that no vertex would belong to it. The con-
seguence was that the only polytopes that could belong to
h were the polytopes generated by splitting a polytope of
higher dimension. Now we allow the input polytopesto lie
on h; thereby avoiding the creation of very small features.
To enforce the consistency of the classification performed in
Step 1 of Split we apply the following property (in [13]
the property was considered only for k& = 2):

Property 5 If k£ + 1 affinely independent vertices of a k-
polytope ¢ lieon h then ¢ lieson A.

The property we apply requires testing (i) whether some
vertices of ¢ are on h and (ii) if such vertices are affinely
independent. The first test must be performed with tolerance
8. The second test must be based only on the topological
structure of c.

When we compute the position of avertex v with respect
to a hyperplane » we have to take into account the accuracy
that the numerical computations can achieve. In particular,
if the value of A(v) of the linear form associated with  is
included in the range [—4, §] we do not know if v is above or
below h. Inthiscase v isclassified as| =].

Next, we start classifying the edges. If an edge has at
least one[ =] extreme it cannot be split. Thisisthe basic step
that prevents the algorithm from generating small edges. If
both vertices of one edge are classified [ = | then the edge is



classified] =] Moregenerally, wetest ak-polytopec after we
have forced all of itsfaces to have a consistent classification.
Property 5tellsusthat if ¢ doesnotlieon i thenall itsvertices
classified [ =] must lie on one facet of c. Hence the rule we
apply isasfollows:

If there are avertex v and afacet f of ¢ that are
both classified [ =], but v is not contained in f,
then all the vertices of ¢ must be classified| =].

The rule must be propagated to the neighboring poly-
topes. This propagation is performed consistently, because
any vertex that has been classified can become[ =] but
not [~ (and vice versa). Furthermore, once a polytope has
become[=], it cannot be reclassified to either[ +] or[=].

—Reclassify—
Begin

Step 1 Set k=1. Mark all the polytopesthat have at least one
vertex classified | =] as unchecked.

Step 2 For each unchecked polytopec of intrinsic dimension
k do:

o Mark ¢ checked.

o If thereare onevertex v and onefacet f of ¢ both
classified | =] such that v is not a vertex of f (or
of any other facet obtainedwith f by splittingthe
same original facet f”) then:

— Classify dl the vertices of c as[=].
— Mark all the faces of ¢ as unchecked.
— Set k=0 and continueto Step 3

Step 3 If & < dthenset k = k+1and goto Step 2, otherwise
Stop.

End

It isimportant to note that when ¢ has both [+ |and [=]facets
it must not be split. The test in Step 2 of Split accounts
for this situation since, in this case, there is no [~ facet and
so cisclassified [+ |. Infact, there can never be three facets
classified as| +],[=]and[=]inc.

In this way, we obtain a classification that is consistent
for each polytope of the complex and, hence, for the whole
complex. The consistency of the result can be stated induc-
tively. We assume that the edges are consistently split. This
simply means that each edge has two distinct extremes.

Proposition 5 Let ¢ be a k-polytope, split along %, using
Split enforced by Reclassify. Theinteriorsof the two
halves ¢t and ¢~, generated by h, are connected.

Proof: We prove the proposition for ¢t. Assume, on the
contrary, that the interior of ¢ is not connected and that ci’,
¢4 are two of its connected components. By construction,

the facets of ¢ and ¢ that are not classified [=] must be
(part of) the original facets of ¢. Since the facets of ¢t have
been consistently classified (Reclassify) then there exist
two vertices vy € ¢f and v € ¢F such that A(v1) > 6 and
Alv2) > 6. That is, two vertices that have been correctly
classified to belong to the interior of 2+. Then we can select
two pointsv and v} that belong to the interior of ¢ and 7,
respectively, and belong tothe interior of AT. A straight line
connecting v; with v5 must intersect one facet of ¢ that has
been classified . But, since the interior of ¢ is convex,
there exists a straight line in 2™ that connects v} with v}
withoutintersecting any facet of ¢. Thiscontradictstheinitial
assumption. Therefore, the interior of ¢t is connected. The
proof issimilar for ¢~ . o

Proposition 5 assures usthat Reclassify will remove
all theinconsistenciesthat might be caused by wrong numer-
ical computations. The resulting representation is consistent
in the sense that, for each polytope representation, there ex-
istsageometric model that has the same structure. To verify
that thisis true, we have to establish what requirement the
polytope must satisfy. It iswell known that a necessary and
sufficient condition for a graph to represent the edges of a
linear convex polytope in £°2 is that it must be planar and
triply connected [12]. For k-dimensional polytopesitisalso
known that the edges form a k-connected graph (this con-
dition is only necessary). In the case of the polytopes of a
weak complex, these properties are not always satisfied be-
cause their faces can be partitioned. Consider, for example,
the vertex v in Figure 3(b). In one of the large cubes, v is
incident only to two edges (actualy it splits an edge of the
cube). This means that the edges of that cube do not form
atriply connected graph. For this reason we use a different
kind of argument to state that each polytope is consistently
represented. In particular, we show that the boundary of each
k-polytopeis homeomorphictoa (k — 1)-sphere.

Proposition 6 Let ¢ be a k-polytope split along ~ using
Split enforced by Reclassify. Then ¢t and ¢~ are
both homeomorphicto a (k — 1)-sphere.

Proof: By Proposition5, ¢t isasingle connected polytope
and, by construction, al but one of its facets are (part of)
facets of c. In fact, the only facet of ¢ that does not belong
to dc isthefacet f that separates ¢ from ¢~. Select apoint
vinside ¢t and a (k — 1)-sphere S that contains c. From v
we can project the facets of ¢t that are (part of) facets of c.
This projection is a one-to-one mapping that covers a certain
region ST of .S. We now have to map f to the remaining
part S~ . Thiscan be donebecause S~ isaconnected region.
Furthermore, we can build a hypersurface f* with the same
topology of f by takingapoint w on i inside ¢ and connecting
ittoall thefacetsof f. We canmap f* tocover all S~ without
any overlapping. Then dc* is homeomorphic to a (k — 1)-
sphere. For ¢— asimilar argument holds. o



4.2 Collapsing Polytopes

Even if we assume, as in [13], that the input data is an «-
representation so that we obtainin output a 3-representation,
with /3 suitably related to «, we may need to remove some
small polytopesto obtain agood decomposition under certain
constraints.

Thebasic operation required isthe deletion of small edges
whose length is less than ¢. We assume that if the length of
one edge isless than ¢ it can be collapsed to a point without
affecting the convexity of the incident polytopes. This as-
sumption, though reasonable, is important in order to alow
us to annihilate the edge without requiring a redecompositon
of the incident polytopes. We can so perform this opera-
tion simply as a symbolic operation over theincidence graph
structure of the polytopes complex. In particular, we only
need to update the polytopes that have been modified by the
edge deletion. The procedureis as follows:

—Collapse —
Begin

Step 1 Make the two extremes of one degenerate edge co-
incident. That is, merge its two nodes in N with the
relative set of directed arcs that connect them to the
incident edges. Mark theincidentedgesand set &£ = 1

as[?]
Step 2 For each k-polytope ¢ marked| 2 | do:

o if chasnofacet, removec and mark al the(k+1)-
polytopesto which ¢ isdirectly incident as

o if ¢ hasonly onefacet f then remove ¢ and mark
al the (k + 1)-polytopes to which ¢ is directly
incidentas. If f wasdirectly incident only to
¢ then remove f and check itsfacets recursively.

Step 3 If &£ < d then increment & by one and go to Step 2.
Otherwise Stop.

End

Figure 5 shows how the complex of Figure 2 is modified by
moving the vertex v, to be coincident with the vertex vs and
hence deleting £, £, £ and v3.

If we have a k-polytope ¢, with £ > 1, whose measure
is small, but has no small edges, then it must have a pair
of adjacent facets f; and f, that form an angle close to .
Split the polytopes with a hyperplane £ that forms the same
anglewith f1 and f> and passesthroughthe (% — 2)-polytopes
that they have in common. Then apply this procedure again;
that is, either remove small edges of the resulting halves or
split them recursively. At the end of this procedure al the
degenerate edges will have been removed.

FIGURE 5: Modification of the complex in Figure 2 in-
duced by making the vertex = coincident to y.

FIGURE 6: The polytopein () is split by four facets that
have a common face (a vertex). The polytopein (b) is
split by six facets that do not have a common face.



5 Complexity

Here we state some bounds on the efficiency of the method
and on the amount of splittingit induces. We concentrate our
attention on theintersection (difference) between two polyhe-
dra P and @) represented as complexes of convex polytopes.
The boolean operation is performed by splitting P with the
boundary of Q.

Assumethat ) has » boundary facets and that each of the
facets intersects p convex polytopesof P on average. Under
a certain condition, the number of new polytopesinduced by
the splitting is pr. The condition is that al the facets of )
that intersect the same polytope ¢ of P have a common face.
In fact, if ¢ is intersected by [ facets that have a common
face then ¢ is split in precisely { + 1 parts. Figure 6 shows
two cases in which such a condition is satisfied (a) and not
satisfied (b). Generally, the condition holdswhen ¢ does not
have features that are small with respect to the dimension of
the polytopes of P. In practice, the case of Figure 6(b) is
not common and even in such a configuration, the number of
splitsinduced on the polytopeiscloseto!+ 1. We conjecture
that, in a boolean operation performed as above, the number
of newly generated polytopesis O(pn).

The agorithm iterates over two basic steps: (i) clas-
sification of the vertices of P to select the polytopes to
be split, (ii) the splitting of a polytope. Assume that the
number of vertices in P after the splitting has been per-
formed is /m, the mean number of faces of a convex poly-
tope in P is O(q), and the mean number of facets of each
boundary facet of @ is O(j). The preliminary step is the
construction of the search structure for the vertices' clas-
sification, which requires O(mt<) time. This structure
must be updated (/ — m) times. The update time for m
points is O(m*), so the total update time can be bounded
by O((m — m) m*). The search takes place O(;) timesfor
each of the n facets of 9Q and requires O(m*~/1%/2] |ogm)
when the structure contains m points. The total search
time will be O(j n m*~Y1%/2l log/m). During the split
of a polytope, each of its O(q) faces is considered once for
the consistent classification and once for the actual split, so
that it will require O(g¢) time. The split is performed in
O(p ¢q n) time. The overal time complexity will so be
O(m*< 4+ (i —m) M + jn MY/ logm + p ¢ n).
Assuming that O(/») = O(m) it reduces to O(m!*¢ +
jnmi=YLl2 logm 4 p qn).
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APPENDIX A:
Fault immune hyper plane-edge inter sec-
tion

The method used to intersect an edge [, of extreme vertices
v1,v2, Withahyperplane  defined by the linear form A(z) =
0 is reported here. This method is applied only when the
result has already been symbolically computed. For this
reason, we require the method to give a result even if the
input data is incorrect. The algorithm must return, in any
case, apoint v* such that:

e v* belongsto the edge;

o if the input is correct (that is, v1 and v, are located
on the opposite sides of / and both with a value of the
linear form A greater than 6) v* istheactual intersection
between [ and h, within the accuracy of the available
numerical computations;

The intersection point v* is computed with the formula:

(1)

witha + 8 = 1and «, 8 > 0. This expression assures that
the point +* belongsto the edge {. Now, we must compute «
and § without failure and such that v* isi N h.

Assume, without lossof generality, that |A(v1)]| < |A(v2)]
(if this is not the case exchange vy with vy), and let v =
A(vy)| and = [A(v2)| — [A(va), |-

If n > & ory > é we can compute the two parameters
with the exact formula:

*
vt = avg + fug,

. - v .
2y 417’
7+
F = 2y+n

Since 2y + n > é thetwo divisions can be performed.
If n < 6andy < 6 wewill directly set:

1
a:ﬁzé. (2)

and obtain a result that satisfies the above properties.



