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ABSTRACT

In this paper we consider multicriteria formulations of classical online problems in which
an algorithm must simultaneously perform well with respect to two different cost measures.
Every strategy for serving a sequence of requests is characterized by a pair of costs, and
therefore there can be many different minimal or optimal incomparable solutions. The
performance of the algorithm is compared with that of an adversary that serves the
sequence selecting one of such optimal offline strategies according to a given selection
function. We consider a parametric family of functions which includes all the possible
selections. Then, starting from a simple general method that combines any multicriteria
instance into a single-criterion one, we provide a universal multicriteria algorithm that
can be applied to different online problems. In the multicriteria k-server formulation
with two different edge weightings, for each function class, such a universal algorithm
achieves competitive ratios that are only an O(log W ) multiplicative factor away from the
corresponding determined lower bounds, where W is the maximum ratio between the two
weights associated to each edge. We then extend our results to more specific functions,
for which optimal or nearly optimal competitive algorithms are obtained by exploiting
more knowledge of the selection properties. Finally, we show how to apply our framework
to other multicriteria online problems sharing similar properties.
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1 Introduction

In this paper we consider instances of the k-server problem where each edge of the graph
G is assigned a time and a length. k servers must move among the nodes in order to fulfill
the various requests and to minimize both the total traveling time and length.

The above problem belongs to the class of the so called multicriteria or multiobjective
problems, where the same solution has to be evaluated with respect to different cost
measures. Such problems have been widely investigated in recent years with special
attention to the determination of good approximate solutions [10, 11, 13, 15, 16, 18, 20, 21].
For instance, one can ask for the determination of a spanning tree of a graph whose global
cost is low with respect to two different weightings of the edges [14, 17], or such that the
diameter is low with respect to first weighting and has low global cost with respect to the
second one [14].

In this paper we extend the multicriteria setting to online problems where the algo-
rithm must satisfy a series of requests arriving over time without knowledge of the future
requests (see [2] for a survey on online algorithms). Assuming the existence of two cost
measures for serving requests, the algorithm must compare favorably for both measures
with respect to any algorithm knowing all the sequence in advance. This concept is not
completely new in the area. For instance, in [6] the authors propose algorithms for rout-
ing and bandwidth allocation which simultaneously approximate fair and max throughput
solutions.

A multicriteria algorithm can fight against two different types of adversaries. The first
one is more powerful than the algorithm, as it can serve any sequence of requests differently
for the two cost measures. This translates in finding, among all possible algorithms
that are c1-competitive with respect to the first cost measure, one that has the lowest
competitive ratio c2 with respect to the second one. Basically, it requires the use of
standard competitive techniques with the additional constraint that, while minimizing
the competitive ratio of one cost function, the ratio for the other measure must be kept
below a certain limit.

In this paper we consider a more realistic type of adversary, called fair, that has the
same constraints of the algorithm, that is, it is compelled to serve the sequence of requests
in the same way for both the two cost measures. In fact, this gives a more realistic estimate
of how the algorithm is paying (in terms of competitive ratio) its missing knowledge of the
future and seems to correspond to a more appropriate view of the multicriteria setting.
In this case, since any offline strategy for a sequence of requests σ is characterized by a
pair of costs, there is not a unique optimal strategy for the adversary, but a set O(σ) of
nondominated or incomparable minimal strategies. Thus, we assume the existence of a
selection function f that associates to each σ a solution in O(σ). Such selection function is
known by the online algorithm which compares its performance with the solution identified
by f .

We consider a complete classification of the selection functions based on their mono-
tonicity properties. A function is called monotone if both its two optimal offline costs
do not decrease as the sequence of requests grows, while is called (∆1, ∆2)-monotone, for
two parameters ∆1 ≤ 1 and ∆2 ≤ 1, if the decrease for each supersequence is bounded
by a multiplicative factor equal to ∆1 with respect to the first cost measure and ∆2 with
respect to the second one.

We prove that no algorithm for the class of the (∆1, ∆2)-monotone functions with
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∆1∆2 ≥ 1
W 2 can be (c1, c2)-competitive with c1∆1 + c2∆2 < k. If c1 ≤ k

2∆1
, this implies

c2 ≥ k
2∆2

. A similar lower bound is also shown for ∆1∆2 < 1
W 2 .

Then, we give a simple algorithm for the multicriteria k-server problem that is based
on the linear combination of multicriteria instances into single-criterion ones and realizes
trade-offs between the two competitive ratios. Namely, denoted as W the maximum ratio
between the two weights associated to each edge and given a fixed parameter λ such that
1/W ≤ λ ≤ W , the two ratios are O(kWλ) and O(kW/λ). The above lower bound proves
that for λ = 1

W∆1
such an algorithm is asymptotically optimal when ∆1∆2 ≤ 1

W 2 .
Clearly, the higher is the product ∆1∆2, the worse is the performance of the simple

combination algorithm. However, we show how it can be exploited to get a universal
algorithm with competitive ratios O(k log W

∆1
) and O(k log W

∆2
) versus any (∆1, ∆2)-monotone

function. Hence, our algorithm in every case looses only an O(log W ) multiplicative factor
with respect to the lower bound.

Finally, we consider some specific selection functions, and by exploiting their structural
properties, we propose competitive algorithms whose ratios compare nicely with respect
to the specific lower bounds that we determine for each function.

We conclude by showing how our results can be extended to other multicriteria online
problems dealing with homogeneous optimization criteria and sharing similar properties.

The paper is organized as follows. The next section is introductory and gives all the
necessary background and definitions. In Section 3 we present the above mentioned com-
bination algorithm and a simplified version of the universal one that works for strictly
monotone selection functions. In Section 4 we extend it to the (∆1, ∆2)-monotone func-
tions for every ∆1, ∆2 ≤ 1 and we prove the lower bound for the class. Section 5 gives
some basic facts and properties related of the selection functions that will be useful in
Section 6 to prove results related to specific selection functions. In Section 7 we extend
our framework to other online problems and finally, in Section 8, we give some conclusive
remarks and discuss some open problems.

2 Preliminaries

An algorithm A for an online problem is faced with a sequence σ = 〈r1, . . . , rm〉 of requests
and has to satisfy each incoming request ri without any knowledge of the successive ones.
The way A serves ri causes a certain cost cost(A, ri) and affects future costs.

The performance of an online algorithm is usually compared with the one of an optimal
offline algorithm that knows the sequence σ in advance.

Definition 2.1 [8, 19] A is said c-competitive if, for all possible sequences σ, cost(A, σ) =∑
i cost(A, ri) ≤ c · opt(σ) + α, where opt(σ) is the cost paid to serve σ by an optimal

offline algorithm that knows all the sequence σ in advance and α is a suitable constant
independent from the length m of σ.

This worst-case analysis is usually performed by assuming that the sequence of requests
is supplied by an adversary that at each step provides the request so as to maximize the
ratio between the overall cost paid by A and its own (optimal offline) cost. Hence,
Definition 2.1 can be rephrased by saying that cost(A, σ) ≤ c · opt(σ) + α, where σ is any
sequence generated by the adversary.
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In the bicriteria formulation of an online problem, it is assumed that the cost of serving
each request ri is evaluated simultaneously with respect to two different cost functions
cost1 and cost2. Hence, the execution of any algorithm A over σ is characterized by a
pair of costs (cost1(A, σ), cost2(A, σ)). As a consequence, in general there is not a unique
optimal solution, but there can be many different minimal or optimal incomparable offline
solutions.

Definition 2.2 Given any sequence of requests σ, a solution for σ with costs (cost1(B, σ),
cost2(B, σ)) provided by an offline algorithm B is a nondominated solution if and only if
no algorithm C exists such that cost1(C, σ) < cost1(B, σ) and cost2(C, σ) ≤ cost2(B, σ),
or cost1(C, σ) ≤ cost1(B, σ) and cost2(C, σ) < cost2(B, σ).

The set O(σ) of nondominated solutions associated to σ thus forms the frontier of
the optimal offline strategies, sometimes called Pareto frontier or efficient frontier. In
order to evaluate the performance of an online algorithm A, we assume the existence of
a selection criteria f known by A that associates to each σ a nondominated strategy in
O(σ) with costs (opt1(f, σ), opt2(f, σ)).

Definition 2.3 Given a selection function f , an algorithm A is said (c1, c2)-competitive
versus f if, for all possible sequences σ, cost1(A, σ) ≤ c1 ·opt1(f, σ)+α1 and cost2(A, σ) ≤
c2 · opt2(f, σ) + α2, where (opt1(f, σ), opt2(f, σ)) is the pair of costs paid by the optimal
offline strategy in O(σ) selected by f and α1, α2 are suitable constants.

Again, the analysis can be performed by assuming that the sequence of requests is
supplied by an adversary that knowing f generates σ in order to maximize the two com-
petitive ratios. Consequently, in Definition 2.3 it is possible to say that σ is any sequence
generated by the adversary.

A reasonable assumption over the selection function f is that both opt1(f, σ) and
opt2(f, σ) do not decrease as σ grows, or their decrease can be suitably bounded.

Definition 2.4 A selection function f is monotone if and only if, for any sequence of
requests σ and for every prefix σ′ of σ, opt1(f, σ) + α1 ≥ opt1(f, σ′) and opt2(f, σ) + α2 ≥
opt2(f, σ′), where α1 and α2 are suitable constants.

Definition 2.5 Given any ∆1 ≤ 1 and ∆2 ≤ 1, a selection function f is (∆1, ∆2)-
monotone if and only if, for any sequence of requests σ and for every prefix σ′ of σ,
opt1(f, σ) + α1 ≥ ∆1 · opt1(f, σ′) and opt2(f, σ) + α2 ≥ ∆2 · opt2(f, σ′), where α1 and α2

are suitable constants.

The constants α1 and α2 in Definitions 2.4 and 2.5 may depend on the problem charac-
teristics, but not on the sequence σ.

For any sequence of requests σ and selection f , let fσ be the function defined only
on the prefixes σ′ of σ and such that fσ(σ′) coincides with the restriction of f(σ) on σ′.
Notice that fσ(σ′) in general might not belong to O(σ), i.e., it can be dominated. The
pair of costs associated to a dominated strategy g(σ) will always be denoted as cost1(g, σ)
and cost2(g, σ).

Clearly, if f(σ′) = fσ(σ′) for every σ and prefix σ′ of σ, then f is monotone. On
the other hand, a (∆1, ∆2)-monotononiticy with low values of ∆1 and ∆2 is in general
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related to the fact that f(σ′) and fσ(σ′) can be extremely different. In this case an online
algorithm pays both the fact that it does not know the future and that it does not know
the offline nondominated strategy it is comparing with.

In this paper we will mainly concentrate on the k-server problem (see [4, 5, 12]) in
which, given a weighted graph G = (V, E) with strictly positive edge weights and k mobile
servers in G, a request generated at a particular node u ∈ V involves the movement of
one server from its current position v ∈ V to u, incurring a cost equal to the distance
traveled in G. The cost cost(A, σ) paid by an algorithm A over σ is the total distance
traveled by all the servers.

In the bicriteria formulation of the k-server problem each edge e ∈ E has a pair of non-
negative weights (w1(e), w2(e)) and (cost1(A, σ), cost2(A, σ)) is the pair of costs paid by A

with respect to the two different edge weightings. We denote as W = maxe∈E

{
w1(e)
w2(e)

, w2(e)
w1(e)

}

the maximum edge ratio and as wmax = maxe∈E{w1(e), w2(e)} the maximum edge weight
of G.

Often in the following we will assume that G is a multigraph with multiple edges
between each pair of nodes. In fact, by means of a simple reduction substituting each
edge e with a path of two nodes that globally preserves the weights of e, it can be shown
that this problem is not more general than the one on simple graphs.

Since w1(e)/w2(e) ≤ W and w2(e)/w1(e) ≤ W for every e ∈ E, given any se-
quence of requests σ and selection function f , opt1(f, σ) ≤ Wopt2(f, σ) and opt2(f, σ) ≤
Wopt1(f, σ). Therefore, it is possible to prove the following fact.

Fact 2.6 Every selection function f for the bicriteria k-server problem is ( 1
W 2 ,

1
W 2 )-

monotone.

Proof. Let g be any selection function such that g(σ) ∈ O(σ) for every sequence of
requests σ. Then, if opt1(g, σ) < opt1(f, σ), opt1(g, σ) ≥ opt2(g, σ)/W ≥ opt2(f, σ)/W ≥
opt1(f, σ)/W 2. Thus, in every case opt1(g, σ) ≥ opt1(f, σ)/W 2.

The claim then holds by observing that for any σ and prefix σ′ of σ, if g is such that
g(σ′) = fσ(σ′) if fσ(σ′) ∈ O(σ), otherwise g(σ′) is a nondominated solution in O(σ) that
dominates fσ(σ′), opt1(f, σ) ≥ cost1(f

σ, σ′) ≥ opt1(g, σ′) ≥ opt1(f, σ′)/W 2

A symmetric argument shows that also opt2(g, σ) ≥ opt2(f, σ)/W 2 and as a direct
consequence ∆1 ≥ 1/W 2 and ∆2 ≥ 1/W 2. ¤

We conclude the section with some example of reasonable selection functions that will
be considered in the sequel.

Example 2.7 Let f1, f2, f3, f4 and f5 be the selection functions for the bicriteria k-server
problem defined as follows:

1. f1 chooses a nondominated solution in O(σ) such that opt1(f1, σ) is minimum;

2. given a positive real number β, f2 chooses a nondominated solution in O(σ) mini-
mizing max(opt1(f2, σ), βopt2(f2, σ));

3. given a positive real number β, f3 chooses a nondominated solution in O(σ) such
that opt1(f3, σ) ≈ βopt2(f3, σ), i.e., minimizing |opt1(f3, σ)− βopt2(f3, σ)|;
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4. given a positive real number β, f4 chooses a nondominated solution in O(σ) that
minimizes opt1(f4, σ) + βopt2(f4, σ);

5. given a positive real number β, f5 chooses a nondominated solution in O(σ) such
that opt1(f5, σ) does not exceed a given budget β ·m proportional to the length m of
σ and such that opt2(f5, σ) is minimum.

When k = 1 it is possible to show that f1, f2 and f3 are monotone, f4 is
( β+W

W (βW+1)
, βW+1

W (β+W )
) and not (∆1, ∆2)-monotone for ∆1 > β+W

W (βW+1)
or ∆2 > βW+1

W (β+W )
,

and f5 is (1, 1
W 2 )-monotone and not (1, ∆2)-monotone for ∆2 > 1

W 2 . For k > 1 in general
the monotonicity becomes worse and also f1, f2 and f3 are not monotone. The above
selection functions and their properties will be considered in more detail in Section 6.

3 A universal algorithm for monotone selections

In this section we present a universal algorithm for the bicriteria k-server problem versus
monotone selection functions. As we will see in the sequel, it can be extended to all
(∆1, ∆2)-monotone functions with ∆1, ∆2 ≤ 1 and to deal with other bicriteria problems.

The basic idea underlying our algorithm relies on the algorithm in Figure 1. Infor-
mally, given a c-competitive algorithm A for the single-criterion k-server problem and a
parameter λ such that 1/W ≤ λ ≤ W , COMB(A, λ) consists in moving the servers in G
as A in the instance of the (single-criterion) k-server problem on graph Gλ having edge
weights w(e) = w1(e) + λw2(e) for each e ∈ E.

INPUT: algorithm A for the k-server problem, real number λ with 1/W
≤ λ ≤ W and graph G = (V,E) with edge weights (w1(e), w2(e)) ∀e ∈ E

• Let Gλ be such that w(e) = w1(e) + λw2(e) ∀e ∈ E

• Upon the arrival of a new request r

– serve r moving the servers in G as algorithm A in Gλ

Figure 1: The algorithm COMB(A, λ).

Lemma 3.1 Given any c-competitive algorithm A for the (single-criterion) k-server prob-
lem and any real λ such that 1/W ≤ λ ≤ W , COMB(A, λ) is (c(Wλ + 1), c(W

λ
+ 1))-

competitive versus any selection function f .

Proof. Given any sequence of requests σ, let opt(λ, σ) be the optimal offline cost to
serve σ on Gλ. Clearly, for any selection function f , opt(λ, σ) ≤ opt1(f, σ) + λopt2(f, σ).
The cost incurred by A on Gλ for σ can be written as

cost(A, σ) = cost1(COMB(A, λ), σ) + λcost2(COMB(A, λ), σ) ≤
c · opt(λ, σ) + α ≤ c(opt1(f, σ) + λopt2(f, σ)) + α,
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for a suitable constant α.
Since opt1(f, σ) ≤ Wopt2(f, σ) and opt2(f, σ) ≤ Wopt1(f, σ),

cost1(COMB(A, λ), σ) ≤ c(opt1(f, σ) + λopt2(f, σ)) + α ≤

c(Wλ + 1)opt1(f, σ) + α

and

cost2(COMB(A, λ), σ) ≤ c

(
opt1(f, σ)

λ
+ opt2(f, σ)

)
+

α

λ
≤

c

(
W

λ
+ 1

)
opt2(f, σ) + Wα,

hence the thesis. ¤

Let U(A, f) be the algorithm obtained by executing COMB(A, λ) with the value
of λ such that opt1(f, σ) = λopt2(f, σ). Then, analogously to the proof of the above
lemma, it results cost1(U(A, f), σ) ≤ c(opt1(f, σ) + λopt2(f, σ)) + α = 2c · opt1(f, σ) + α

and cost2(U(A, f), σ) ≤ c(opt1(f,σ)
λ

+ opt2(f, σ)) + α
λ
≤ 2c · opt2(f, σ) + Wα, since λ ≥

1/W . Unfortunately, such a λ cannot be determined in advance and therefore the above
algorithm U(A, f) is not online. Our method to get an online version of U(A, f) is based
on the observation that working with an approximation of the real λ gives competitive
ratios close to the ones yielded by λ and that λ can be learned online during the processing
of the sequence σ. Our algorithm at each step maintains the invariant that the used λ is
a 2-approximation of the correct value of the currently processed prefix σ′ of σ, that is
1
2

opt1(f,σ′)
opt2(f,σ′) ≤ λ ≤ 2opt1(f,σ′)

opt2(f,σ′) . More precisely, U(A, f) performs the steps described in Figure
2.

INPUT: algorithm A for the k-server problem, selection function f and

graph G = (V,E) with edge weights (w1(e), w2(e)) ∀e ∈ E

• Let λ = 1

• Upon the arrival of a new request r

– let σ′ be the current sequence of requests (r included)

– if λ ≤ 1
2

opt1(f,σ′)
opt2(f,σ′) or λ ≥ 2opt1(f,σ′)

opt2(f,σ′) then let λ = opt1(f,σ′)
opt2(f,σ′)

– serve r moving the servers in G as algorithm A in Gλ

Figure 2: The algorithm U(A, f).

By construction, the sequence σ can be partitioned in phases during which λ is not
modified by the algorithm. Let λi be the value of λ used during the i-th phase. We call a 1-
phase (resp. 2-phase) a phase after which λ doubles (resp. halves) its value, i.e., λi+1 ≥ 2λi

(resp. λi+1 ≤ λi/2). Moreover, let σ[i − 1, i] be the subsequence of σ corresponding to
the requests of the i-th phase and σ[i] = σ[0, i] the prefix of σ constituted by all the
requests until the i-th phase included. Since f is monotone, if the i-th phase is a 1-phase
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(resp. 2-phase) opt1 (resp. opt2) during the phase has at least to double its value, that is
opt1(f, σ[i]) ≥ 2opt1(f, σ[i − 1]) (resp. opt2(f, σ[i]) ≥ 2opt2(f, σ[i − 1])). Notice that the
strategy selected by f in O(σ[i]) in general is not an extension of the one in O(σ[i− 1]).

The following lemma is an easy consequence of the fact that the real value of λ is
always comprised between 1/W and W .

Lemma 3.2 Let h1 and h2 be the number of 1- and 2-phases of σ, respectively. Then,
|h1 − h2| ≤ log W .

The costs cost1(U(A, f), σ[i−1, i]) and cost2(U(A, f), σ[i−1, i]) paid by the algorithm
U(A, f) during the i-th phase, from now on denoted simply as cost1(U, σ[i − 1, i]) and
cost2(U, σ[i− 1, i]), can be suitably bounded.

Lemma 3.3 During the i-th phase, cost1(U, σ[i − 1, i]) ≤ 3c · opt1(f, σ[i]) + α1 and
cost2(U, σ[i− 1, i]) ≤ 3c · opt2(f, σ[i]) + α2, where α1 and α2 are suitable constants.

Proof. Similarly as in Lemma 3.1, the cost incurred by A on Gλi
for σ[i − 1, i] can be

written as

cost(A, σ[i− 1, i]) = cost1(U, σ[i− 1, i]) + λicost2(U, σ[i− 1, i]) ≤

c · opt(λi, σ[i− 1, i]) + α ≤ c · opt(λi, σ[i]) + α ≤
c(opt1(f, σ[i]) + λiopt2(f, σ[i])) + α,

where α is a suitable constant.
Since 1

2
opt1(f,σ[i])
opt2(f,σ[i])

≤ λi ≤ 2opt1(f,σ[i])
opt2(f,σ[i])

, cost1(U, σ[i − 1, i]) ≤ 3c · opt1(f, σ[i]) + α and

cost2(U, σ[i− 1, i]) ≤ 3c · opt2(f, σ[i])+α/λi. The thesis follows by observing that 1/W ≤
λi ≤ W and thus α

λi
is bounded by a constant. ¤

Summing up the costs paid by the algorithm over all the phases, we get the following
theorem.

Theorem 3.4 The algorithm U(A, f) defined above is ((3 log W + 13)c, (3 log W + 13)c)-
competitive for the bicriteria k-server problem versus any monotone selection function
f .

Proof. Let h1 and h2 be the number of 1-phases and 2-phases in the final sequence σ.
Then σ has h1 + h2 phases plus a last possibly incomplete phase.

The cost paid by the algorithm on the first cost measure is

cost1(U, σ) =

h1+h2+1∑
i=1

cost1(U, σ[i− 1, i]) ≤
h1+h2+1∑

i=1

(3c · opt1(f, σ[i]) + α1) .

At each 1-phase i opt1 at least doubles its cost, i.e. opt1(f, σ[i + 1]) ≥ 2opt1(f, σ[i]).
Therefore, informally speaking, if σ were composed only of 1-phases then the above sum-
mation would follow a geometric behavior and cost1(U, σ) would be roughly twice the last
term (3c · opt1(f, σ) + α1). Unfortunately, such a doubling of opt1 does not hold for the
2-phases, and the worst case for cost1 occurs when the last phases are all 2-phases. By
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Lemma 3.2, |h1−h2| ≤ log W and there are at most log W final 2-phases plus the incom-
plete last one. Before the last log W 2-phases the worst case is completed alternating 1-
and 2-phases. Therefore,

cost1(U, σ) ≤
h1+h2+1∑

i=1

(3c · opt1(f, σ[i]) + α1) ≤ (log W + 4) (3c · opt1(f, σ)) +

h1+h2+1∑
i=1

α1.

Since h1 ≤ log opt1(f, σ) and h2 ≤ h1 + log W ≤ log opt1(f, σ) + log W ,

cost1(U, σ) ≤
(

(log W + 4) + α1
2(log opt1(f, σ)) + (log W ) + 1

3c · opt1(f, σ)

)
3c · opt1(f, σ) <

(3 log W + 13)c · opt1(f, σ),

for opt1(f, σ) suitably large.
A symmetric argument holds for cost2(U, σ), thus proving the theorem. ¤

As a corollary of the above theorem and of the result in [9] with c = 2k−1, there exists a
((6 log W +26)k, (6 log W +26)k)-competitive algorithm for the bicriteria k-server problem
versus monotone selections. Since a trivial lower bound of k for both ratios comes directly
from the single-criterion k-server by considering identical edge weights w1(e) = w2(e) for
each e ∈ E, our algorithm looses only an order of log W multiplicative factor.

We conclude this section with an example showing that the analysis of Theorem 3.4
is asymptotically tight. Even if we don’t prove it explicitly, it is also possible to check
that better approximations of λ might only decrease the competitive ratios of a small
multiplicative constant and cannot get rid of the log W factor.

Example 3.5 Consider the bicriteria 1-server problem and let A be the trivial 1-
competitive algorithm for the single-criterion formulation that always routes the server
on shortest paths.

Given a suitable large integer h such that h is a power of 2, consider the graph
G = (V, E) depicted in Figure 3 with n = h− log h nodes v1, . . . , vn and such that v1 and
v2 are connected by an edge of weights (2h, 2h), while for each i, 2 ≤ i < n, vi and vi+1

are connected by two edges of weights (2h−i+2, 1) and (1, 2h), respectively. Therefore, the
maximum edge ratio is W = 2h.

v2v1 v3 v4 vn

(1, 2h)

(2h, 1)

(1, 2h) (1, 2h)

(4h, 1)

(2h, 2h)

(2h−1, 1)

vn−1

Figure 3: The tight instance for U(A, f).

Assume that initially the server is in v1 and let the sequence of requests σ =
σ1σ2 · · ·σn−1, where each σi, 1 ≤ i < n, is a subsequence of alternate requests between
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nodes vi−1 and vi, starting with vi and terminating with vi. Every σi has a length li to
be defined below.

The selection function f we compare our algorithm with is the one that mini-
mizes opt1(f, σ), or analogously minimizes max(opt1(f, σ), βopt2(f, σ)) or |opt1(f, σ) −
βopt2(f, σ)| with β = 1

W
. This function coincides with the selections f1, f2 and f3 in-

troduced in Example 2.7, that can be shown to be strictly monotone when k = 1. By
definition, f(σ) always uses edges of weights (1, 2h), except during the first subsequence
σ1, in which the only available edge has weights (2h, 2h).

The lengths of the subsequences of σ are such that l1 is an arbitrarily large odd integer
and at the end of every σi, 2 ≤ i < n, opt1(f,σ1···σi)

opt2(f,σ1···σi)
= 1

2i−1 . Clearly, this construction is

correct if each li is an odd integer and is such that opt1(f,σ1···σi)
opt2(f,σ1···σi)

is exactly equal to 1
2i−1 .

However, this properties can be imposed by a slightly more complicated definition of G
without substantially affecting the calculations below.

The lengths of the subsequences σi can be easily calculated and expressed as func-
tion of l1. In fact, since at the end of each σi−1 with i ≥ 2 we have opt1(f,σ1···σi−1)

opt2(f,σ1···σi−1)
=

l12h+l2+···+li−1

(l1+l2+···+li−1)2h = 1
2i−2 and at the end of σi

opt1(f,σ1···σi)
opt2(f,σ1···σi)

= l12h+l2+···+li
(l1+l2+···+li)2h = 1

2i−1 , a trivial

computation shows that li = (1 + 1
2h−i−1

)(l1 + · · ·+ li−1).

Since li > l1 + · · · + li−1 for i ≥ 2, li > 2i−2l1. Moreover, as i < n = h − log h,
li < (1 + 1

2log h−1
)(l1 + · · · + li−1) = (1 + 1

h−1
)(l1 + · · · + li−1). Therefore for each i,

2 ≤ i < n, l1 + · · · + li < (2 + 1
h−1

)(l1 + · · · + li−1) < (2 + 1
h−1

)2(l1 + · · · + li−2) < . . . <

(2+ 1
h−1

)i−1l1 < 2i−1(1+ 1
h−1

)i−1l1 < 2i−1e
i−1
h−1 l1, as 1+x < ex for x converging to 0, where

e is the natural number.
By the above inequalities,

opt1(f, σ) = 2hl1 + l2 + l3 + . . . + ln−1 < 2hl1 + 2n−1e
n−1
h−1 l1 =

(2h + 2h−log h−1e
h−log h−1

h−1 )l1 = 2h(1 + O(1/h))l1.

The algorithm U(A, f), starting with λ = 1, while serving σ updates the value of λ
halving it at the end of each subsequence σi with i ≥ 2. Therefore, during every σi it
always uses edges of weights (2h−i+2, 1), except during the first subsequence σ1 in which
the only available edge has weights (2h, 2h). Thus,

cost1(U(A, f), σ) = 2hl1 +
n−1∑
i=2

2h−i+2li > 2hl1 +
n−1∑
i=2

(2i−22h−i+2l1) =

2hnl1 = 2h(h− log h)l1.

Hence, for h sufficiently large, cost1(U(A,f),σ)
opt1(f,σ)

≈ h− log h = log W − log log W .

4 Extension to (∆1, ∆2)-monotone selections

In this section we briefly show how to extend our algorithm U(A, f) to the class of the
(∆1, ∆2)-monotone selection functions for any ∆1, ∆2 ≤ 1.

Let us define for each sequence of requests σ, maxopt1(f, σ) =
maxσ′ prefix of σ opt1(f, σ′) and maxopt2(f, σ) = maxσ′ prefix of σ opt2(f, σ′).
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Clearly the maxopt1 and maxopt2 functions are monotone in the sense that neither
can decrease as the sequence of requests grows. Substituting in U(A, f) opt1 and opt2 with
maxopt1 and maxopt2, we obtain a new algorithm with the same competitive ratios with
respect to maxopt1 and maxopt2. Since by definition of (∆1, ∆2)-monotone function for
every σ it results opt1(f, σ)+α1 ≥ ∆1maxopt1(f, σ) and opt2(f, σ)+α2 ≥ ∆2maxopt2(f, σ)
for two suitable constants α1 and α2, the following theorem can be easily proven. We don’t
give a formal proof here, as a more general statement will be proven in Theorem 6.2.

Theorem 4.1 U(A, f) is ( (3 log W+13)c
∆1

, (3 log W+13)c
∆2

)-competitive for the bicriteria k-server
problem versus any (∆1, ∆2)-monotone selection function f with ∆1, ∆2 ≤ 1.

Again, using the result of [9], there exists a ( (6logW+26)k
∆1

, (6 log W+26)k
∆2

)-competitive al-
gorithm. Moreover, as shown in the following theorem, also in this case our algorithm is
only an order of log W multiplicative factor away from the lower bound.

Theorem 4.2 For any ∆1, ∆2 such that 1
W 2 ≤ ∆1∆2 ≤ 1, there exist instances of the

bicriteria k-server problem with (∆1, ∆2)-monotone selection functions for which no al-
gorithm can be (c1, c2)-competitive with c1∆1 + c2∆2 < k.

Proof. Consider a complete multigraph with k + 1 nodes, where between each pair
of nodes there are two arcs: one with weights ( 1

∆1
, 1

W∆1
) and the other one with weights

(1, 1
W∆1∆2

). Since by hypothesis ∆1∆2 ≥ 1
W 2 , the maximum edge ratio is at most W .

Given any (c1, c2)-competitive algorithm A, the strategy used by the adversary to
construct the input sequence σ is to request at each step the node that is not occupied by
one of the servers of A. By construction, for any σ all the nondominated strategies in O(σ)
move the servers an equal number of times, as otherwise from one with the lowest number
of moves it would be possible to construct strategies that dominate the others having
more moves. Let us denote as m(σ) such a number of moves. Clearly, m(σ) ≤ d |σ|

k
e.

The selection function f we compare the online algorithm with is such that
if m(σ) is even, then f(σ) uses always the edges with weights ( 1

∆1
, 1

W∆1
), i.e.,

(opt1(f, σ), opt2(f, σ)) = (m(σ)
∆1

, m(σ)
W∆1

), otherwise f(σ) it uses only the edges with weights

(1, 1
W∆1∆2

), that is (opt1(f, σ), opt2(f, σ)) = (m(σ), m(σ)
W∆1∆2

).
Clearly, f is (∆1, ∆2)-monotone. In fact, for any σ and prefix σ′ of σ, opt1(f, σ′) ≤

m(σ′)
∆1

≤ m(σ)
∆1

and thus opt1(f, σ) ≥ m(σ) ≥ ∆1opt1(f, σ′). Similarly, opt2(f, σ′) ≤
m(σ′)

W∆1∆2
≤ m(σ)

W∆1∆2
and opt2(f, σ) ≥ m(σ)

W∆1
≥ ∆2opt2(f, σ′).

Let σ be an arbitrarily long sequence generated by the adversary such that m(σ) is
odd. Since A is (c1, c2)-competitive, there exists a constant α1 such that cost1(A, σ) ≤
c1m(σ) + α1 ≤ c1

|σ|
k

+ α1 + 1. This means that the number of times A uses edges of

weights ( 1
∆1

, 1
W∆1

) to serve σ is at most ∆1cost1(A, σ) ≤ ∆1(c1
|σ|
k

+ α1 + 1). Hence, since

A must use at least |σ| − c1∆1(
|σ|
k

+ α1 + 1) edges of weights (1, 1
W∆1∆2

), we have that

cost2(A, σ) ≥ (|σ| − c1∆1(
|σ|
k

+ α1 + 1)) 1
W∆1∆2

. Let σ′ be the shortest subsequence of
successive requests generated by the adversary such that m(σσ′) = m(σ) + 1 and thus
m(σσ′) is even. Then,

cost2(A, σσ′)
opt2(f, σσ′)

≥ cost2(A, σ)
m(σ)+1
W∆1

≥ (|σ| −∆1(c1
|σ|
k

+ α1 + 1)) 1
W∆1∆2

|σ|
k

+1

W∆1

=
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(|σ| −∆1(c1
|σ|
k

+ α1 + 1)) 1
∆2

|σ|
k

+ 1
.

Therefore, as a limit for |σ| → ∞, c2 ≥ k
∆2
− c1

∆1

∆2
, that is c1∆1 + c2∆2 ≥ k. ¤

Notice that, if c1∆1 + c2∆2 ≥ k, c1 ≤ k
2∆1

implies c2 ≥ k
2∆2

. Then, if ∆1∆2 = 1
W 2 ,

the monotonicity of f is so poor that the simple COMB(A, λ) algorithm where A is the
(2k − 1)-competitive algorithm of [9] and λ = 1

W∆1
is asymptotically optimal. In fact, it

has competitive ratios c1 = (2k − 1)(Wλ + 1) = O( k
∆1

) and c2 = (2k − 1)(W/λ + 1) =

O(kW 2∆1) = O( k
∆2

).

Clearly, the optimality of COMB(A, λ) holds also when ∆1∆2 < 1
W 2 . In fact, in-

formally speaking, if ∆2 < 1
W 2∆1

, any (∆1, ∆2)-monotone function can admit sequences

on which it is (∆1,
1

W 2∆1
)-monotone. Therefore, by substituting in the above proof ∆2

with 1
W 2∆1

, it results c1∆1 + c2
W 2∆1

≥ k. Again c1 ≤ k
2∆1

implies c2 ≥ kW 2∆1

2
, so that

COMB(A, λ) with λ = 1
W∆1

is asymptotically optimal. A symmetric argument holds
fixing ∆2 and taking λ = W∆2.

Finally, similar considerations show that COMB(A, λ) asymptotically improves upon

U(A, f) when ∆1∆2 = o( log2 W
W 2 ), as it gets rid of the two log W multiplicative factors.

5 Merging properties of nondominated strategies

In this section we show some basic properties of the nondominated strategies for the
bicriteria k-server problem that will be useful in the sequel. In particular, we prove
some results related to their mixing or interleaving. In fact, the existence of suitable
nondominated strategies can be inferred by the merge of other ones.

Given a strategy f(σ) for serving a sequence of requests σ, let us denote as C(f, σ) ⊆ V
the final configuration of f(σ), that is the subset of the k vertices in G with a server at the
end of f(σ). Moreover, for any two configurations C1 and C2, let (d1(C1, C2), d2(C1, C2))
be a nondominated pair of costs needed to move the k servers from C1 to C2. Clearly in
every case d1(C1, C2) < (k− i)nwmax and d2(C1, C2) < (k− i)nwmax, where i = |C1∩C2|.

Given a sequence of requests σ, a prefix σ′ of σ and two (non necessarily nondomi-
nated) strategies g1(σ) and g2(σ) for σ, we define their merging merge(g1, g2, σ

′)(σ) as
the strategy whose restriction on the prefix σ′ of σ coincides with gσ

1 (σ′), then changes
the servers from the configuration C(gσ

1 , σ′) to C(gσ
2 , σ′), and finally it coincides with the

restriction of g2(σ) on the remaining suffix of σ.
For what concerns the costs paid by merge(g1, g2, σ

′)(σ), by the above definition,

cost1(merge(g1, g2, σ
′)(σ)) < cost1(g

σ
1 , σ′) + (cost1(g2, σ)− cost1(g

σ
2 , σ′)) + (k − 1)nwmax

and

cost2(merge(g1, g2, σ
′)(σ)) < cost2(g

σ
1 , σ′) + (cost2(g2, σ)− cost2(g

σ
2 , σ′)) + (k − 1)nwmax,

as |C(gσ
1 , σ′) ∩ C(gσ

2 , σ′)| ≥ 1.
Informally, merge(g1, g2, σ

′)(σ) corresponds to the concatenation of the restriction of
g1(σ) to σ′ and the restriction of g2(σ) to the remaining suffix of σ. The intermediate
change of configuration is necessary since the final configuration C(gσ

1 , σ′) of gσ
1 (σ′) might
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2a
2a

2b

1b

1a

1a

1b

2b
1a

1a

2b

2b

merge(g1, g2, σ
′)(σ)

cost2cost1 cost1 cost2

cost1(gσ
2 , σ′)

g1(σ) g2(σ)

cost2(gσ
1 , σ′)

cost1(gσ
1 , σ′)

cost1(g2, σ)

cost1 cost2

cost2(gσ
2 , σ′)

< (k − 1)nwmax

cost1(g1, σ)

cost2(g1, σ)

cost1(g2, σ)

Figure 4: The merging of two strategies g1(σ) and g2(σ).

be different from the initial configuration C(gσ
2 , σ′) of the restriction of g2(σ) on the

remaining suffix of σ. Clearly, merge(g1, g1, σ
′)(σ) = g1(σ).

An example of merging is depicted in Figure 4, where the costs associated to each
strategy are represented by a pair of vertical bars.

The following lemma is useful for obtaining merging strategies that try to average the
costs paid on the two measures.

Lemma 5.1 Given an input sequence σ and two (not necessarily nondominated)
strategies g1(σ) and g2(σ), there exists a strategy f(σ) such that cost1(f, σ) <
cost1(g1,σ)+cost1(g2,σ)

2
+ knwmax and cost2(f, σ) < cost2(g1,σ)+cost2(g2,σ)

2
+ knwmax.

Proof. Since any request costs less than nwmax for both the two cost measures, given
two prefixes σ1 and σ2 of σ with 0 ≤ |σ1| = |σ2| − 1 ≤ m, |cost1(gσ

1 , σ2) + (cost1(g2, σ)−
cost1(g

σ
2 , σ2) − (cost1(g

σ
1 , σ1) + (cost1(g2, σ) − cost1(g

σ
2 , σ1))| < nwmax. Therefore, since

for any prefix σ′ of σ if |σ′| = m cost1(g
σ
1 , σ′) + (cost1(g2, σ)− cost1(g

σ
2 , σ′)) = cost1(g1, σ)

and if |σ′| = 0 cost1(g
σ
1 , σ′) + (cost1(g2, σ)− cost1(g

σ
2 , σ′)) = cost1(g2, σ), there must exist

σ′ with 0 ≤ |σ′| ≤ m and cost1(g1,σ)+cost1(g2,σ)
2

− nwmax < cost1(g
σ
1 , σ′) + (cost1(g2, σ) −

cost1(g
σ
2 , σ′)) < cost1(g1,σ)+cost1(g2,σ)

2
+ nwmax.

Then, since

cost1(g
σ
1 , σ′)+ (cost1(g2, σ)− cost1(g

σ
2 , σ′))+ cost1(g

σ
2 , σ′)+ (cost1(g1, σ)− cost1(g

σ
1 , σ′)) =

cost1(g1, σ) + cost1(g2, σ)

and

cost2(g
σ
1 , σ′)+ (cost2(g2, σ)− cost2(g

σ
2 , σ′))+ cost2(g

σ
2 , σ′)+ (cost2(g1, σ)− cost2(g

σ
1 , σ′)) =

cost2(g1, σ) + cost2(g2, σ),

also
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cost1(g1, σ) + cost1(g2, σ)

2
− nwmax < cost1(g

σ
2 , σ′) + (cost1(g1, σ)− cost1(g

σ
1 , σ′)) <

cost1(g1, σ) + cost1(g2, σ)

2
+ nwmax,

and
cost2(g

σ
1 , σ′) + (cost2(g2, σ) − cost2(g

σ
2 , σ′)) ≤ cost2(g1,σ)+cost2(g2,σ)

2
or cost2(g

σ
2 , σ′) +

(cost2(g1, σ)− cost2(g
σ
1 , σ′)) ≤ cost2(g1,σ)+cost2(g2,σ)

2
.

If cost2(g
σ
1 , σ′) + (cost2(g2, σ) − cost2(g

σ
2 , σ′)) ≤ cost2(g1,σ)+cost2(g2,σ)

2
then let f(σ) =

merge(g1, g2, σ
′)(σ), otherwise f(σ) = merge(g2, g1, σ

′)(σ).
In every case,

cost1(f, σ) <
cost1(g1, σ) + cost1(g2, σ)

2
+ nwmax + (k − 1)nwmax

=
cost1(g1, σ) + cost1(g2, σ)

2
+ knwmax

and cost2(f, σ) < cost2(g1,σ)+cost2(g2,σ)
2

+ (k − 1)nwmax, hence the lemma. ¤

Given an input sequence σ and two nondominated strategies g1(σ) and g2(σ) in O(σ)
such that opt1(g1, σ) > opt1(g2, σ), we say that g1(σ) and g2(σ) are adjacent if no strat-
egy f(σ) ∈ O(σ) is such that opt1(g2, σ) < opt1(f, σ) < opt1(g1, σ) (or analogously
opt2(g1, σ) < opt2(f, σ) < opt2(g2, σ)).

The following lemma relates the costs paid by adjacent strategies.

Lemma 5.2 Given an input sequence σ and two nondominated adjacent strategies
g1(σ) ∈ O(σ) and g2(σ) ∈ O(σ), |opt1(g1, σ) − opt1(g2, σ)| < 2knwmax or |opt2(g1, σ) −
opt2(g2, σ)| < 2knwmax.

Proof. Assume by contradiction that |opt1(g1, σ) − opt1(g2, σ)| ≥ 2knwmax and
|opt2(g1, σ) − opt2(g2, σ)| ≥ 2knwmax, and without loss of generality let opt1(g1, σ) >
opt1(g2, σ).

By Lemma 5.1, there exists f(σ) with cost1(f, σ) < opt1(g1,σ)+opt1(g2,σ)
2

+ knwmax ≤
opt1(g1, σ) and cost2(f, σ) < opt2(g1,σ)+opt2(g2,σ)

2
+ knwmax ≤ opt2(g2, σ).

Let g(σ) = f(σ) if f(σ) ∈ O(σ), otherwise g(σ) ∈ O(σ) is a nondominated strategy
dominating f(σ). Then, since g1(σ) ∈ O(σ) and g2(σ) ∈ O(σ), it must be opt1(g2, σ) <
opt1(g, σ) < opt1(g1, σ) and opt2(g1, σ) < opt2(g, σ) < opt2(g2, σ): a contradiction since
g1(σ) and g2(σ) are adjacent. ¤

Starting from a nondominated strategy f(σ) ∈ O(σ), the following lemma states that
it is not possible to have a small increase of the first cost measure with a big decrease of
the second one and simultaneously a small increase of the second cost measure with a big
decrease of the first one.

Lemma 5.3 Given an input sequence σ, a nondominated strategy g(σ) ∈ O(σ) and a
real number α > 0, let g1(σ) ∈ O(σ) and g2(σ) ∈ O(σ) be two nondominated strategies
with opt2(g1, σ) < opt2(g, σ) + α and opt1(g2, σ) < opt1(g, σ) + α. Then, opt1(g1, σ) ≥
opt1(g, σ)− α− 2knwmax or opt2(g2, σ) ≥ opt2(g, σ)− α− 2knwmax.
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Proof. Assume by contradiction that there exist g1(σ) ∈ O(σ) and g2(σ) ∈ O(σ) with
opt2(g1, σ) < opt2(g, σ) + α, opt1(g2, σ) < opt1(g, σ) + α, opt1(g1, σ) < opt1(g, σ) − α −
2knwmax and opt2(g2, σ) < opt2(g, σ)−α−2knwmax. By Lemma 5.1, there exists f(σ) with

cost1(f, σ) < opt1(g1,σ)+opt1(g2,σ)
2

+knwmax < opt1(g, σ) and cost2(f, σ) < opt2(g1,σ)+opt2(g2,σ)
2

+
knwmax < opt2(g, σ). Therefore, f(σ) dominates g(σ): a contradiction since g(σ) ∈ O(σ).

¤

6 Results for specific selections

In this section we give results related to the specific selections introduced in Example 2.7.
As shown in the sequel, even if such functions have a poor monotonicity behavior, good
competitive ratios can be accomplished by slight modifications of the algorithm U(A, f).

Let f1, f2, f3, f4 and f5 be defined as in Example 2.7. The reason why U(A, fi),
i = 1, . . . , 5, has high competitive ratios for fi is due the fact that, when a prefix σ′

of the input sequence σ is processed, U(A, fi) refers to fi(σ
′) and not the restriction

fσ
i (σ′) of fi(σ) on σ′. Indeed, by the poor monotonicity behavior, fi(σ

′) and fσ
i (σ′) can

be extremely different and the algorithm pays both its missing knowledge of the future
requests and of the offline nondominated strategy it should compare with.

One way to circumvent this problem is to consider at each step a function g that, even
if different from the given fi, compares more favorably with respect to the restrictions of
fi. This concept is formalized in the following definition.

Definition 6.1 Given ∆1 ≤ 1, ∆2 ≤ 1 and two selection functions f and g, g is a
(∆1, ∆2)-monotonization of f if and only if, for any sequence of requests σ and for every
prefix σ′ of σ, opt1(f, σ)+α1 ≥ ∆1 ·opt1(g, σ′) and opt2(f, σ)+α2 ≥ ∆2 ·opt2(g, σ′), where
α1 and α2 are suitable constants.

As we will see in the following subsections, the basic idea underlying the construction
of good monotonizations stands in amortizing high variations of one cost measure with
low variations of the other one. In fact, as also shown in Section 5 (see Lemma 5.3),
nondominated strategies have the basic property that it is not possible to have a small
increase of the first cost measure with a big decrease of the other one and simultaneously
a small increase of the second cost measure with a big decrease of the first one.

Theorem 6.2 If g is a (∆1, ∆2)-monotonization of f , then U(A, g) is

( (3 log W+13)c
∆1

, (3 log W+13)c
∆2

)-competitive for the bicriteria k-server problem versus f ,
where c is the competitive ratio of A.

Proof. Every sequence of requests σ can be partitioned in phases during which λ
is not modified by the algorithm. Let λi be the value of λ used during the i-th phase,
σ[i− 1, i] be the corresponding subsequence of requests and σ[i] = σ[0, i] be the prefix of
σ constituted by all the requests till the i-th phase included.

Similarly as in Lemma 3.3, during each phase the cost incurred by A on Gλi
for

σ[i− 1, i] can be written as

cost(A, σ[i− 1, i]) = cost1(U, σ[i− 1, i]) + λicost2(U, σ[i− 1, i]) ≤
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c(opt1(g, σ[i]) + λiopt2(g, σ[i])) + α ≤
c(maxopt1(g, σ[i]) + λimaxopt2(g, σ[i])) + α,

where α is a suitable constant.
Since 1

2
maxopt1(g,σ[i])
maxopt2(g,σ[i])

≤ λi ≤ 2maxopt1(g,σ[i])
maxopt2(g,σ[i])

, cost1(U, σ[i−1, i]) ≤ 3c ·maxopt1(g, σ[i])+α

and cost2(U, σ[i− 1, i]) ≤ 3c ·maxopt2(g, σ[i]) + α/λi.
Summing up the costs paid by the algorithm over all the phases, repeating the steps

in the proof of Theorem 3.4 with maxopt1 instead of opt1 it results

cost1(U, σ) < (3 log W + 13)c ·maxopt1(g, σ),

for maxopt1(g, σ) suitably large.
A symmetric argument holds for cost2(U, σ), and the theorem follows by observing

that opt1(f, σ) + α1 ≥ ∆1maxopt1(g, σ) and opt2(f, σ) + α2 ≥ ∆2maxopt2(g, σ). ¤

Notice that, since a (∆1, ∆2)-monotone function f is a (∆1, ∆2)-monotonization of
itself, Theorem 4.1 can be derived as a simple corollary of the above theorem.

Motivated by Theorem 6.2, in the following we will focus on the determination of
good monotonizations for the selection functions defined in Example 2.7. For the sake of
clarity, we will consider each case separately.

6.1 The selection function f1

The selection function f1 chooses a nondominated solution in O(σ) that minimizes
opt1(f1, σ).

Clearly, f1 is (∆1, ∆2)-monotone with ∆1 = 1. Moreover, it is easy to see that it
is (1, 1)-monotone for k = 1. In this subsection we show that for k ≥ 2 f1 is poorly
monotone with respect to the second cost measure, but it admits a (1, 1)-monotonization.

Lemma 6.3 f1 is not (1, ∆2)-monotone for ∆2 > 2
W+1

.

Proof. In order to prove the claim it suffices to show that there exist a graph G and two
arbitrarily long sequences of requests σ′ and σ such that σ′ is a prefix of σ and as a limit
for |σ′| → ∞ (and thus |σ| → ∞) opt2(f1,σ)

opt2(f1,σ′) = 2
W+1

. We show that the claim holds even
for k = 2 servers.

Consider a ring of four nodes v1, v2, v3, v4, where the two edges between v1 and v2 and
between v3 and v4 have weights (1, W ), while the remaining two ones between v2 and v3

and between v1 and v4 have weights are (1, 1) (see Figure 5).
Assume that the two servers are initially on v1 and v4, that is the initial configuration

is {v1, v4}.
The sequence σ′ is constituted by an arbitrarily large number of identical phases, each

consisting of the subsequence of calls 〈v2, v3, v2, v1, v4, v1〉. σ is obtained from σ′ adding
three last requests 〈v2, v1, v2〉.

The basic idea underlying the above construction is that, if the initial configuration
were {v1, v2} instead of {v1, v4}, f1(σ

′) would serve each phase in such a way that one
server always moves between v1 and v4 paying twice (1, 1), while the other one between
v2 and v3, again paying twice (1, 1). This would give total costs per phase equal to (4, 4).
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Figure 5: The ring of the upper bound on the monotonicity of f1.

The last three requests of σ would be for free, since the two servers at the end of σ′ would
be on v1 and v2.

Starting from {v1, v4}, an initial change of configuration to {v1, v2} obtained by moving
the server of v4 on v2 has costs (2, W + 1). Such an extra cost equal to 2 on cost1 can be
recovered during the processing of σ but not of σ′. In fact, a simple case analysis shows
that the best that f1(σ

′) can do during a phase is moving only the server of v1 to serve
all the requests, thus falling again in the final configuration {v1, v4}. Since such a server
has to traverse twice an edge of weights (1,W ) and twice one of weights (1, 1), the total
cost per phase is (4, 2W + 2).

Trying to extend f1(σ
′) to serve the last three calls of σ now requires an extra cost

equal to (2,W + 1). This means that f1(σ) can initially pay (2,W + 1) to change the
initial configuration from {v1, v4} to {v1, v2}, and then recover this initial extra cost on
cost1 during the last three calls of σ, for which it does not incur any additional cost.

As a consequence, if p is the number of phases in σ, (opt1(f1, σ
′), opt2(f1, σ

′)) =
(4p, (2W + 2)p) and (opt1(f1, σ), opt2(f1, σ)) = (4p + 2, 4p + W + 1). Therefore, as a

limit for p →∞ (and thus |σ′| → ∞ and |σ| → ∞), opt2(f1,σ)
opt2(f1,σ′) = 2

W+1
.

¤

Given any sequence σ and prefix σ′ of σ, consider the restriction fσ
1 (σ′) of f1(σ)

on σ′. Then fσ
1 (σ′) minimizes cost1(f

σ
1 , σ′) among all the possible solutions for σ′ ter-

minating in the configuration C(fσ
1 , σ′), i.e., the one identified by the positions of the

k vertices at the end of fσ
1 (σ′). In fact, assume by contradiction that there exists a

strategy f ′ with final configuration C(fσ
1 , σ′) such that cost1(f

′, σ′) < cost1(f
σ
1 , σ′), and

let f ′′ be the concatenation of f ′(σ′) with the restriction of f1 on the suffix σ − σ′.
Then cost1(f

′′, σ) < cost1(f1, σ), that clearly contradicts the definition of f1. Therefore,
cost1(f

σ
1 , σ′) ≤ opt1(f1, σ

′) + d1(C(f1, σ
′), C(fσ

1 , σ′)) < opt1(f1, σ
′) + knwmax.

Let g be the selection function defined as follows. For each sequence σ, g(σ) chooses
a strategy in O(σ) which minimizes opt2(g, σ) (and thus maximizes opt1(g, σ)) among
all the strategies with opt1(g, σ) < opt1(f1, σ) + knwmax (see Figure 6). More precisely,
g is such that opt1(g, σ) < opt1(f1, σ) + knwmax and no other strategy g′ in O(σ) with
opt1(g

′, σ) < opt1(f1, σ) + knwmax satisfies opt2(g
′, σ) < opt2(g, σ).

Then, if σ′ is a prefix of σ and f is a selection function such that f(σ′) ∈ O(σ′) co-
incides with fσ

1 (σ′) if fσ
1 (σ′) ∈ O(σ′) and dominates fσ

1 (σ′) otherwise, since opt1(f, σ′) ≤
cost1(f

σ
1 , σ′) < opt1(f1, σ

′) + knwmax, opt2(f1, σ) ≥ cost2(f
σ
1 , σ′) ≥ opt2(f, σ′) ≥
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opt1(g, σ)

opt2(g, σ)

< knwmax

g(σ) f1(σ)

cost1 cost2 cost1 cost1cost2 cost2

opt1(f1, σ)

opt1(g, σ′)

opt1(f1, σ
′)

opt1(f1, σ)

opt2(f1, σ)

opt2(g, σ′)

opt2(f1, σ)

opt2(f1, σ
′)

Figure 6: The (1, 1)-monotonization g of f1 and comparison between f1(σ) and g(σ′) for
a prefix σ′ of σ.

opt2(g, σ′). Hence, the following lemma is proved.

Lemma 6.4 The selection function g defined above is a (1, 1)-monotonization of f1.

It is now possible to see how g amortizes high variations of one measure with low
variations of the other one. In fact, a constant additive cost with respect to opt1(f1, σ)
avoids sudden final decreases of opt2(f1, σ) like in Lemma 6.3, thus improving the overall
performance of the algorithm.

As a direct consequence of the previous lemma and Theorem 6.2, the following corollary
holds.

Corollary 6.5 U(A, g) is (O(c log W ), O(c log W ))-competitive for the bicriteria k-server
problem versus f1, where c is the competitive ratio of A.

6.2 The selection function f2

Given a positive real number β, for any sequence σ the selection f2 chooses a nondominated
solution in O(σ) such that max(opt1(f2, σ), βopt2(f2, σ)) is minimized.

It is not difficult to show that for k = 1 f2 is (1, 1)-monotone. However, since f2

coincides with f1 for β ≤ 1
W

, when k ≥ 2 also f2 in general is not (∆1, ∆2)-monotone for
∆1 > 2

W+1
or ∆2 > 2

W+1
. We now show that in every case f2 admits a good monotoniza-

tion.
The monotonization g of f2 is defined as follows. Let g1(σ) be a strategy in O(σ) that

minimizes opt1(g1, σ) among all the strategies with opt2(g1, σ) < opt2(f2, σ) + 4knwmax,
and let g2(σ) be a strategy similarly defined exchanging opt1 and opt2. Moreover, let
α1 = opt1(f2, σ) − opt1(g1, σ) and α2 = opt2(f2, σ) − opt2(g2, σ). Then g(σ) = g1(σ) if
α1 ≥ α2, otherwise g(σ) = g2(σ) (see Figure 7). Informally, g(σ) chooses a nondominated
strategy in O(σ) that with an increase (limited by 4knwmax) on one cost measure yields
the highest decrease of the other measure.
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cost1 cost1 cost1cost2 cost2 cost2

Figure 7: The (1/2, 1/2)-monotonization of f2.

Lemma 6.6 The selection function g is a (1/2, 1/2)-monotonization of f2.

Proof. We prove the claim for β = 1. The case β 6= 1 can be reduced to the one
with β = 1 transforming the bicriteria instance of the problem in one where the first cost
measure is the same and the second one is multiplied times β. The proof is then obtained
from the one below simply by substituting wmax with max(wmax, βwmax).

We show that opt1(f2, σ) + 8knwmax ≥ 1
2
opt1(g, σ′) and opt2(f2, σ) + 8knwmax ≥

1
2
opt2(g, σ′) for every sequence of requests σ and prefix σ′ of σ.

Without loss of generality let opt1(f2, σ) ≥ opt1(f2, σ
′) (the case opt2(f2, σ) ≥

opt2(f2, σ
′) is symmetric).

Since opt1(g, σ′) < opt1(f2, σ
′) + 4knwmax, opt1(f2, σ) + 8knwmax > opt1(f2, σ

′) +
4knwmax > opt1(g, σ′).

Concerning the second cost measure, we distinguish among the following cases.

1) opt2(f2, σ) ≥ 1
2
opt2(f2, σ

′)− 6knwmax:

Since opt2(g, σ′) < opt2(f2, σ
′) + 4knwmax, opt2(f2, σ) + 8knwmax ≥ 1

2
opt2(f2, σ

′) +
2knwmax > 1

2
opt2(g, σ′).

2) opt2(f2, σ) < 1
2
opt2(f2, σ

′)− 6knwmax and cost1(f
σ
2 , σ′) < opt1(f2, σ

′) + 4knwmax:

Recalling the above definition of the selections g1 and g2 used to construct g,
if f is a selection function such that f(σ′) ∈ O(σ′) coincides with fσ

2 (σ′) if
fσ

2 (σ′) ∈ O(σ′), otherwise f(σ′) dominates fσ
2 (σ′), then opt1(g2, σ

′) ≥ opt1(f, σ′).
As a consequence, opt2(f2, σ) ≥ opt2(f, σ′) ≥ opt2(g2, σ

′) and thus opt2(f2, σ) +
8knwmax > 1

2
opt2(g2, σ

′). The claim then follows by observing that in this case
g(σ′) = g2(σ

′). In fact, opt2(g2, σ
′) ≤ opt2(f2, σ) < 1

2
opt2(f2, σ

′) − 6knwmax <
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opt2(f2, σ
′) − 6knwmax, and by applying Lemma 5.3 to f2(σ

′) with α = 4knwmax,
as opt2(g1, σ

′) < opt2(f2, σ
′) + 4knwmax and opt1(g2, σ

′) < opt1(f2, σ
′) + 4knwmax,

opt1(g1, σ
′) > opt1(f2, σ

′)− 6knwmax. Hence α2 > α1 and g(σ) = g2(σ).

3) opt2(f2, σ) < 1
2
opt2(f2, σ

′)− 6knwmax and cost1(f
σ
2 , σ′) ≥ opt1(f2, σ

′) + 4knwmax:

By Lemma 5.1 applied to fσ
2 (σ′) and f2(σ

′), there exists a strategy f(σ′)

such that cost1(f, σ′) <
cost1(fσ

2 ,σ′)+opt1(f2,σ′)
2

+ knwmax and cost2(f, σ′) <
cost2(fσ

2 ,σ′)+opt2(f2,σ′)
2

+ knwmax.

Let fc(σ) the strategy that behaves like f(σ′) while processing σ′, then changes the
servers from the configuration C(f, σ′) to the configuration C(fσ

2 , σ′), and finally
proceeds like f2(σ) on the remaining suffix of σ.

We now show that if case 3) holds, max(cost1(fc, σ), cost2(fc, σ)) <
max(opt1(f2, σ), opt2(f2, σ)): a contradiction since by definition f2(σ) minimizes
max(opt1(f2, σ), opt2(f2, σ)).

By the definition of the strategy fc(σ),

cost1(fc, σ) < cost1(f, σ′) + (opt1(f2, σ)− cost1(f
σ
2 , σ′)) + knwmax <

cost1(f
σ
2 , σ′) + opt1(f2, σ

′)
2

+ knwmax + opt1(f2, σ)− cost1(f
σ
2 , σ′) + knwmax ≤

cost1(f
σ
2 , σ′)− 2knwmax + knwmax + opt1(f2, σ)− cost1(f

σ
2 , σ′) + knwmax =

opt1(f2, σ),

as by the hypothesis of case 3) cost1(f
σ
2 , σ′) ≥ opt1(f2, σ

′) + 4knwmax.

Moreover, since opt2(f2, σ) < 1
2
opt2(f2, σ

′)− 6knwmax,

cost2(fc, σ) < cost2(f, σ′) + (opt2(f2, σ)− cost2(f
σ
2 , σ′)) + knwmax <

cost2(f
σ
2 , σ′) + opt2(f2, σ

′)
2

+ knwmax + opt2(f2, σ)− cost2(f
σ
2 , σ′) + knwmax =

opt2(f2, σ
′)− cost2(f

σ
2 , σ′)

2
+ opt2(f2, σ) + 2knwmax <

opt2(f2, σ
′)− cost2(f

σ
2 , σ′)

2
+

1

2
opt2(f2, σ

′)− 4knwmax < opt2(f2, σ
′).

Since cost2(f
σ
2 , σ′) ≤ opt2(f2, σ) < 1

2
opt2(f2, σ

′) − 6knwmax < opt2(f2, σ
′), it

must be cost1(f
σ
2 , σ′) ≥ opt2(f2, σ

′), otherwise, by the two above inequalities
bounding the costs of fc(σ), max(cost1(f

σ
2 , σ′), cost2(fσ

2 , σ′)) < opt2(f2, σ
′) ≤

max(opt1(f2, σ
′), opt2(f2, σ

′)), thus contradicting the definition of f2(σ
′).

Therefore, as opt1(f2, σ) ≥ cost1(f
σ
2 , σ′), max(cost1(fc, σ), cost2(fc, σ)) <

max(opt1(f2, σ), opt2(f2, σ
′)) = opt1(f2, σ) ≤ max(opt1(f2, σ), opt2(f2, σ)): a con-

tradiction, since f2(σ) minimizes max(opt1(f2, σ), opt2(f2, σ)).
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Again, by applying the previous lemma and Theorem 6.2, the following corollary holds.

Corollary 6.7 U(A, g) is (O(c log W ), O(c log W ))-competitive for the bicriteria k-server
problem versus f2, where c is the competitive ratio of A.

6.3 The selection function f3

Given a positive real number β, for any sequence σ the selection f3 chooses a non-
dominated solution in O(σ) such that opt1(f3, σ) ≈ βopt2(f3, σ), i.e., minimizing
|opt1(f3, σ)− βopt2(f3, σ)|.

Similarly as for f2, it is not difficult to show that f3 is (1, 1)-monotone for k = 1.
Again, since f3 coincides with f1 for β ≤ 1

W
, when k ≥ 2 also f3 in general is not

(∆1, ∆2)-monotone for ∆1 > 2
W+1

or ∆2 > 2
W+1

. However, as stated in the following
lemma, also f3 admits a good monotonization.

Lemma 6.8 There exists a (1/2, 1/2)-monotonization of f3.

Proof. Again we prove the claim for β = 1. The case β 6= 1 can be reduced to the
one with β = 1 by multiplying the second cost measure times β and by substituting wmax

with max(wmax, βwmax).
Given ∆1 ≤ 1, ∆2 ≤ 1, we show that every (∆1, ∆2)-monotonization g of f2 is also a

(∆1, ∆2)-monotonization of f3. The lemma then follows from Lemma 6.6.
Let σ be a given sequence of requests and without loss of generality assume that

opt1(f2, σ) ≥ opt2(f2, σ). Then f3(σ) either has costs coincident with f2(σ), or is a
nondominated strategy adjacent to f2(σ) such that opt1(f3, σ) < opt2(f3, σ).

In the first case, since g is a (∆1, ∆2)-monotonization of f2, for every prefix σ′ of σ,
opt1(f3, σ) + α1 ≥ ∆1 · opt1(g, σ′) and opt2(f3, σ) + α2 ≥ ∆2 · opt2(g, σ′), where α1 and α2

are suitable constants.
If f3(σ) is adjacent to f2(σ), since opt1(f2, σ) > opt1(f3, σ) (otherwise f2(σ) would

dominate f3(σ)), by Lemma 5.2 opt1(f2, σ) − opt1(f3, σ) < 2knwmax or opt2(f3, σ) −
opt2(f2, σ) < 2knwmax.

If opt1(f2, σ) − opt1(f3, σ) < 2knwmax, for every prefix σ′ of σ, opt1(f3, σ) + α1 +
2knwmax > opt1(f2, σ) + α1 ≥ ∆1 · opt1(g, σ′) and opt2(f3, σ) + α2 > opt2(f2, σ) + α2 ≥
∆2 · opt2(g, σ′).

If opt2(f3, σ)− opt2(f2, σ) < 2knwmax, as opt2(f3, σ) ≥ opt1(f2, σ) by the definition of
f2(σ) and f3(σ) minimizes |opt2(f3, σ)−opt1(f3, σ)|, opt1(f2, σ)−opt1(f3, σ) ≤ opt2(f3, σ)−
opt2(f2, σ) < 2knwmax, and we fall again in the previous case. ¤

Again, by applying the previous lemma and Theorem 6.2, the following corollary holds.

Corollary 6.9 U(A, g) is (O(c log W ), O(c log W ))-competitive for the bicriteria k-server
problem versus f2, where c is the competitive ratio of A.
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6.4 The selection function f4

Given a positive real number β, for any sequence σ the selection f4 chooses a nondominated
solution in O(σ) that minimizes opt1(f4, σ) + βopt2(f4, σ).

Lemma 6.10 The selection function f4 is not (∆1, ∆2)-monotone for ∆1 > β+W
W (βW+1)

or

∆2 > βW+1
W (β+W )

.

Proof. We prove that the claim holds even for k = 1 servers. Let ∆1 = β+W
W (βW+1)

and ∆2 = βW+1
W (β+W )

. Consider a graph consisting of two nodes u and v connected by two

edges of weights ( 1
∆1

, 1
W∆1

) and (1, 1
W∆1∆2

), respectively. As by hypothesis ∆1∆2 = 1
W 2 ,

the maximum edge ratio is W .
Since by construction 1

∆1
+ β 1

W∆1
= 1 + β 1

W∆1∆2
, any nondominated strategy f(σ) ∈

O(σ) for a sequence σ has the same value opt1(f, σ)+βopt2(σ). Therefore, f4 can be such
that if |σ| is even, then f4(σ) uses always the edge of weights ( 1

∆1
, 1

W∆1
), otherwise it uses

only the one of weights (1, 1
W∆1∆2

).
We now provide two arbitrarily long sequences of requests σ′ and σ such that σ′ is a

prefix of σ and, as a limit for |σ′| → ∞, opt1(f1,σ)
opt1(f1,σ′) = ∆1.

Assuming that the single server initially is on v, σ is constituted by an arbitrarily long
sequence of alternate requests of u and v, starting with u. Moreover, σ′ is the prefix of σ
of length |σ| − 1, i.e., σ without the last request.

Then, if |σ| is odd,

opt1(f4, σ)

opt1(f4, σ′)
=
|σ|
|σ′|
1

∆1

=
∆1|σ|
|σ| − 1

,

and as |σ| → ∞ (and thus |σ′| → ∞) opt1(f4,σ)
opt1(f4,σ′) = ∆1.

Analogously, if |σ| is even, opt2(f4,σ)
opt2(f4,σ′) = ∆2 for |σ′| → ∞, hence the lemma. ¤

Extending the arguments of Lemma 6.10, it is possible to show that f4 is (∆1, ∆2)-
monotone with ∆1 = β+W

W (βW+1)
and ∆2 = βW+1

W (β+W )
for every k ≥ 1. Moreover, a proof

identical to that of Theorem 4.2 can be used to derive the following lemma.

Lemma 6.11 Any (c1, c2)-competitive algorithm for the bicriteria k-server problem ver-
sus f4 is such that c1∆1 + c2∆2 ≥ k, where ∆1 = β+W

W (βW+1)
and ∆2 = βW+1

W (β+W )
.

Hence, f4 is a worst case example in the family of the (∆1, ∆2)-monotone functions
with ∆1 = β+W

W (βW+1)
and ∆2 = βW+1

W (β+W )
. As a consequence, by the same considerations

after Theorem 4.2, the simple COMB(A, λ) algorithm where A is the (2k−1)-competitive
algorithm of [9] and λ = 1

W∆1
is asymptotically optimal versus f4.

6.5 The selection function f5

Given a positive real number β, f5 chooses a nondominated solution in O(σ) such that
opt1(f5, σ) does not exceed a given budget β ·m proportional to the length m of σ and
opt2(f5, σ) is minimum. If such strategy does not exist, then f5 minimizes opt1(f5, σ).
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Lemma 6.12 The selection function f5 is not (∆1, ∆2)-monotone for ∆1 > 2
W+1

or

∆2 > 1
W 2 .

Proof. Consider the construction obtained from the one of Lemma 6.3 depicted in
Figure 5 by exchanging the two edge weightings of G and dividing both of them by a
suitable large number such that, for every prefix σ′ of the given sequence of requests σ,
f5 minimizes opt2(f5, σ

′) without exceeding the budget. Then, ∆1 > 2
W+1

follows by the
same considerations of Lemma 6.3 applied on the first cost measure.

In order to bound ∆2, we show that for any ε > 0 there exist a graph G and
two arbitrarily long sequences of requests σ′ and σ such that σ′ is a prefix of σ and
opt2(f5,σ)
opt2(f5,σ′) ≤ 1

W 2(1−ε)
. Let G consist of two nodes u and v connected by two edges with

weights respectively ( β
1−ε

, β
W (1−ε)

) and (β, βW ). Assuming there is only a single server

initially on v, let σ be the concatenation of an arbitrarily long sequence σ′ of alternate
calls of the nodes u and v starting with u and terminating with v, plus a sequence of at
least |σ′| ε

1−ε
“dummy” calls of v. Then, opt1(f5, σ

′) = |σ′|β and opt2(f5, σ
′) = |σ′|βW ,

since in order not to exceed the budget it is possible to use only edges with weights
(β, βW ). The final dummy calls of σ do not increase the costs paid by any strategy for
σ after σ′, since they are all from the node occupied by the server. However, they have
the effect of lengthening the overall sequence σ, making available a total budget at least
equal to |σ|β ≥ |σ′| β

1−ε
. Therefore, since to serve σ it is possible to use edges of weights

( β
1−ε

, β
W (1−ε)

), opt1(f5, σ) = |σ′| β
1−ε

≤ |σ|β and opt2(f5, σ
′) = |σ′| β

W (1−ε)
. As a consequence,

opt2(f5,σ)
opt2(f5,σ′) ≤ 1

W 2(1−ε)
, and the claim derives by the arbitrariety of ε and of the lengths of

the sequence σ and its prefix σ′. ¤

A lower bound on the competitive ratios achievable by any algorithm versus f5 is
established in the following lemma.

Lemma 6.13 Any (c1, c2)-competitive algorithm for the bicriteria k-server problem ver-

sus f5 is such that c1c2 ≥ (k−2)W 2

2
.

Proof. We prove the claim for β = 1. The result for general β can be obtained by
multiplying all the edge weights times β.

Given an odd number of servers k, we prove that c1c2 ≥ (k−1)W 2

2
. The case k even

can be derived by a slight modification of the construction below that forces one server
to stay into an additional node and allows the movement of the remaining k − 1 servers,

thus yielding c1c2 ≥ (k−2)W 2

2
.

Consider a complete graph G = (V,E) with V = {u1, v1, u2, v2, . . . , u k+1
2

, v k+1
2
} (hence

|V | = k + 1). For any i, 1 ≤ i ≤ k+1
2

, we say that ui and vi form the i-th horizontal
component, that is connected by a horizontal edge of weights (1,W ). All the other edges
in E are called vertical and have weights (xW, x), where x is a fixed positive integer.

Given any (c1, c2)-competitive algorithm A, the adversary generates the sequence σ in
such a way that each request of an arbitrarily long prefix σ′ of σ is always to the node that
is not occupied by one of the servers of A, while the remaining requests of σ are dummy
requests, all corresponding to the last node of σ′. Such requests do not increase the costs
paid by the adversary and by A after σ′, but have the effect of lengthening the overall
sequence making available a total budget equal to |σ| instead of |σ′|. Hence, by allowing
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such dummy sequence to be suitably long, we can assume that the selection function f5

is able to minimize opt2(f5, σ) without exceeding the total budget.
Consider the following offline strategy used by the adversary: it uses only vertical

edges and when needed moves a server from the node that will be called farthest in the
future.

According to such a strategy, let us say that at a given step during σ′ the i-th horizontal
component is covered by the adversary if before serving the corresponding request it has
a server on ui and another one on vi. Then, the adversary can pay only when there is a
call from a node of an uncovered component and in this case it covers it. Except from
the first request of σ′, this can happen only when the algorithm A uses a vertical edge,
as all the requests of a subsequence served by horizontal edges must be from the same
horizontal component. Since the last server moved was on the node called farthest in the
future, the adversary while serving σ′ pays at most once every k−1

2
vertical moves of A

(like for k−1
2

servers on a complete uniform graph of k−1
2

+ 1 = k+1
2

nodes). Therefore,

as A can perform at most cost1(A,σ′)
xW

vertical moves, the total number of (vertical) moves

executed by the adversary is at most
cost1(A,σ′)

xW
k−1
2

+ 1 = 2cost1(A,σ′)
(k−1)xW

+ 1.

By the competitive ratios of A, cost1(A, σ′) ≤ c1opt1(f5, σ
′)+α1 ≤ c1|σ′|+α1, as there

exists a strategy for σ′ not exceeding the budget |σ′| (for instance the one using only
horizontal edges). Moreover, since every vertical move costs (xW, x) and f5(σ) minimizes
opt2(f5, σ), it results

opt2(f5, σ) ≤
(

2cost1(A, σ′)
(k − 1)xW

+ 1

)
x =

2cost1(A, σ′)
(k − 1)W

+ x.

Hence, as A performs at least |σ′| − cost1(A,σ′)
xW

horizontal moves,

cost2(A, σ)

opt2(f5, σ)
≥ (|σ′| − cost1(A,σ′)

xW
)W

2cost1(A,σ′)
(k−1)W

+ x
≥ |σ′|W

2(c1|σ′|+α1)
(k−1)W

+ x
−

cost1(A,σ′)
x

2cost1(A,σ′)
(k−1)W

+ x
,

and as a limit for |σ′| → ∞ (and hence cost1(A, σ′) →∞),

cost2(A, σ)

opt2(f5, σ)
≥ (k − 1)W 2

2c1

− (k − 1)W

2x
.

Therefore, by the arbitrariety of x, c2 ≥ (k−1)W 2

2c1
and thus c1c2 ≥ (k−1)W 2

2
. ¤

Since in general f5 is only ( 2
W+1

, 1
W 2 )-monotone, finding monotonizations that re-

alize good trade-offs does not yield better results than the ones accomplished by the
COMB(A, λ) algorithm, that achieves competitive ratios c1 = c(Wλ + 1) and c2 =
c(W/λ + 1).

Again, by exploiting the (2k − 1)-competitive algorithm of [9] for the single-criterion
k-server problem, c1 = (2k − 1)(Wλ + 1) and c2 = (2k − 1)(W/λ + 1). Since c1c2 =
O(k2W 2), as a comparison with the lower bound stated in the above lemma, this result
is asymptotically optimal for a low number of servers k.
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7 Generalizations

The results shown in the previous sections can be extended to many other bicriteria formu-
lations of classical online problems. In particular, if we redefine W as the maximum ratio
over each possible selection function f and sequence σ between opt1(f, σ) and opt2(f, σ)
and vice versa, the same framework works under the following conditions:

1. the optimization criteria must be homogeneous, that is, the minimization of a same
function under two different cost measures, so that their linear combination into a
corresponding single-criterion problem is well defined;

2. any solution for the combined single-criterion combination must directly translate
into a feasible solution for both the two cost measures of the bicriteria formulation;

3. the ratio W must be bounded and independent of the length m of the sequence σ.

An example of problem satisfying such properties is Metrical Tasks Systems, where
each request consists in the execution of one of n tasks t1, t2, . . . , tn. Each ti can be
processed in a state sj belonging to a finite set S incurring a cost equal to ti(j). Given a
metric function defining a distance dj,h for each pair of states sj and sh in S, the objective
of the algorithm is to determine the state in which to execute each task in order to
minimize the overall cost of the schedule, i.e., the sum of the costs due to the transitions
between the states and the processing of the tasks (see [3]).

In the bicriteria version of the problem two different costs t1i (j) and t2i (j) are asso-
ciated to each task ti, and two different distances d1

j,h and d2
j,h to each pair of states

sj and sh in S. As it can be easily checked, all the above conditions hold with

W = maxj,h,i

{
d1

j,h+t1i (h)

d2
j,h+t2i (h)

,
d2

j,h+t2i (h)

d1
j,h+t1i (h)

}
. Here our results are still valid if there are cases such

that both d1
j,h + t1i (h) = 0 and d2

j,h + t2i (h) = 0. This situation can be taken into account
either excluding such ratios in the definition of W or considering them simply equal to 1.

When suitable subsets of (single-criterion) instances of Metrical Task Systems are con-
sidered for which better competitive ratios can be achieved (like instances that model the
k-server problem), our results can be applied if such subsets are closed under linear com-
bination, that is when the combination according to any possible λ of any two instances
in a subset still belongs to the subset.

Another example of problem satisfying the above properties is the bicriteria version of
Multiprocessor Scheduling, where jobs arrive one by one and are to be assigned to one of
p processors in order to minimize the maximum completion time (see for instance [7, 1]).
Associated with each job i are two, possibly different, processing times t1,i and t2,i. Again,

all the above conditions are satisfied with W = maxi

{
t1,i

t2,i
,

t2,i

t1,i

}
. All results of Sections

3 and 4 hold, however, unlike Metrical Task Systems, the merging techniques and the
results for the specific selection functions f1, f2, f3, f4 and f5 of Example 2.7 cannot be
trivially extended and require further investigation.

Multiprocessor scheduling with the additional constraint that each job has to meet a
given deadline does not satisfy the above properties. In fact, a job executed before its
deadline in the single-criterion combined version does not necessarily meet the original
two deadlines in the bicriteria formulation. Therefore, the single-criterion solution might
not be feasible for the bicriteria, thus violating condition 2.
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8 Conclusion

We have provided universal online algorithms for the multicriteria k-server problem and
other problems sharing similar properties.

We have considered a fair adversary which seems to give a more realistic estimation of
the algorithm performances and to our opinion corresponds to a more appropriate view of
the multicriteria setting. However, one could compare the online algorithm also with an
unfair adversary that can serve the sequence differently for the different cost measures. As
already mentioned in the introduction, this basically requires standard online techniques
with additional competitive constraints.

A natural question left open in the paper concerns the elimination of the order of
log W multiplicative gap between the shown lower and upper bounds on the competitive
ratios. Moreover, it would be nice to extend our results to any number of objectives.

Another interesting issue to be considered concerns the development of algorithms
with improved performances versus specific selection functions like those introduced in
Example 2.7. Our results have shown that the technique introduced in this paper related
to the determination of good monotonizations overcomes in many cases the structural
monotonic limitations of specific selections, thus considerably reducing the competitive
ratios. To our opinion, such a technique can be used also when dealing with other bicriteria
problems.

Finally, we considered only a limited number of selections, but other reasonable ex-
amples are possible.
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