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ABSTRACT

A localization system is presented for estimating the position of a mo-
bile robot via ultrasonic sensing and dead reckoning. The algorithm has
the well-known predictor-corrector structure of the Extended Kalman
Filter and makes use of an environment map in the prediction phase.
The proposed method is original in two aspects. First, the uncertainty
on the odometric estimate is changed during the motion on the basis of
the vehicle linear and angular velocities. Second, each obstacle in the
map can be labeled with a value representing the reliability of ultrasonic
readings provided by that obstacle. Experimental trials, performed on a
robotic wheelchair equipped with five wide-beam sonars, show the satis-
factory performance of the system under realistic operating conditions.
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INTRODUCTION

The control architecture of an autonomous mobile robot should include a localization
module for estimating the robot position (including orientation) with respect to a
world reference frame. There are two basic instances of this problem: (i) when
starting a mission, determine the robot position in the absence of an initial estimate,
and (ii) during the motion, maintain a precise estimate of the position by keeping
track of the robot movements. In this paper, we shall address the second problem.

The simplest solution is dead reckoning, i.e., using the robot kinematic model to
update the position estimate on the basis of proprioceptive—also called odometric—
sensing (e.g., encoders, compasses). However, due to slippage, wheel misalignment,
and other disturbances, such a mode of operation invariably results in the accumula-
tion of large errors, and eventually in the robot ‘getting lost’ after a sufficiently long
path. Hence, efficient localization requires that the robot exploits the information
coming from its exteroceptive sensors (e.g., range finders, vision systems).

Several researchers have proposed methods for solving the localization problem



under the assumption that an environment map is available a priori [1–9]. The most
common tool is the Kalman Filter, which represents an efficient framework for the
integration of different types of knowledge; e.g., see [2, 5, 6, 8]. However, the robot
localization problem has peculiar aspects that must be properly taken into account in
the application of this approach. In particular, the hypotheses in which the filter is op-
timal are not satisfied, since (i) mobile robot models are typically nonlinear, and (ii)
the two sources of uncertainty (model perturbations and exteroceptive sensors) do not
obey normal distributions. The first problem is usually dealt with through lineariza-
tion procedures, i.e., resorting to the Extended Kalman filter (EKF). The second is
simply ignored, due to the difficulty of obtaining realistic statistical descriptions of
complex phenomena such as wheeled robot kinematics and sensor/environment inter-
action. To partially alleviate this problem, localization methods generally include a
mechanism for rejecting invalid measures (outliers), which are quite common in robot
sensing and would seriously affect the filter performance.

In most algorithms, the covariance matrices that characterize the various un-
certainties are kept constant (e.g., see [2]). This is equivalent to the unrealistic
assumption that the characteristics of model disturbances and of the perception pro-
cess do not change. We attempt to solve—at least to some extent—such difficulty
enhancing the uncertainty models, i.e., expliciting the dependence of the covariance
matrices on the relevant parameters. For example, odometric kinematic models are
less reliable when the vehicle makes a sharp turn or reverses the direction of motion.
Similarly, the performance of ultrasonic range finders may change remarkably in the
same environment depending on the characteristics of the obstacle surfaces.

THE LOCALIZATION SYSTEM

We consider a mobile robot with the kinematics of a unicycle. Motion is generated
by two independently actuated wheels, whose rotation is measured by incremental
encoders. The exteroceptive sensory system consists of sonar transducers. The robot
position is given by the vector x = (px, py, φ), where px, py are the cartesian co-
ordinates of the wheel axle midpoint and φ is the angle between the axle and the
horizontal axis. The distance between the midpoint and each wheel is denoted by a.

The structure of our localization system, shown in Fig. 1, proceeds directly from
the EKF equations (e.g. see [10]). At the k-th step, the sensory system provides
proprioceptive (δsL

k , δsR
k ) as well as exteroceptive (zk) measures. The former are

fed to the kinematic model of the robot in order to compute an odometric position
prediction (x̂k/k−1) and an associated covariance matrix (Pk/k−1). On the basis of the
environment map, an observation prediction (ẑk) is formed and compared with the
exteroceptive measures. The results are the innovation term (vk) and its covariance
matrix (Sk), that are used by the EKF to produce the position estimate (x̂k) and the
associated covariance (Pk). In the following, each phase is explained in some detail.

Odometric prediction

As customary, we assume that only the kinematic model is relevant for the computa-
tion of the odometric estimate. At the k-th instant of time tk, the encoders provide
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Figure 1: Structure of the localization system (z−1 denotes the unit delay operator).

the distances δsL
k and δsR

k traveled by the left and the right wheel, respectively, during
the k-th sampling interval. Define the inputs for the odometric model as
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i.e., the distance traveled by the wheel axis midpoint and the change in vehicle
orientation during the sampling interval. The odometric prediction is then obtained
as

x̂k/k−1 = f(x̂k−1, uk) = x̂k−1 +



− sin φ̃k 0
cos φ̃k 0

0 1


 uk, (1)

where φ̃k = φk−1+δφk/2 is the average robot orientation during the sampling interval.

Odometric position uncertainty

In principle, the EKF equations apply when the odometric model (1) is corrupted
by a white gaussian noise, whose uncertainty is described by a covariance matrix
Ck. Such assumption, however, is not satisfied in practice, essentially because the
source of such noise (basically, slippage) does not obey a normal distribution. Most
EKF-based localization methods circumvent this difficulty by using a constant matrix
C sufficiently ‘large’ to include the worst-case possibility. However, this may result
in high uncertainty values associated to the odometric prediction, possibly yielding
erroneous corrections in the presence of inconsistent sensor data. Instead, we have
chosen to allow Ck to vary at each step by introducing a dependence on the input uk.
This seems to be reasonable, since slippage typically occurs at high angular velocities,
which can be identified by large values of δφk. A similar—although less severe—effect
is experienced in the presence of high linear velocities (large values of δsk) .



Being Ck = C(uk), the odometric prediction covariance matrix may be written
as [1]

Pk/k−1 ≈ Jf
x (xk−1)Pk−1(J

f
x (xk−1))

T + Jf
u (uk)C(uk)(J

f
u (uk))

T . (2)

Here, Jf
x (·) and Jf

u (·) are the Jacobian matrices of f with respect to x and u, respec-
tively, Pk−1 is the covariance matrix at the previous time instant tk−1, and we have
set

C(uk) =
[
σ2

δs 0
0 σ2

δφ

]
= γk

[
σ̄2

δs 0
0 σ̄2

δφ

]
,

where σ̄2
δs and σ̄2

δφ are constants and γk is a positive factor whose value is the result
of a fuzzy computation based on the two inputs δsk and δφk. Roughly speaking, the
set of fuzzy rules has been synthetized so as to increase γk when the robot is moving
at high angular velocity and to decrease it when motion is slowing.

The second term in the right-hand-side of eq.(2), which characterizes the influence
of the odometric error on the prediction covariance matrix, may be expressed as

Q(uk) = Jf
u (uk)CkJ

f
u (uk)

T =




Rφ̃k
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0 σ2
δs
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RT
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 , (3)

with the rotation matrix Rφ̃k
and the off-diagonal block Q12 given by

Rφ̃k
=

[
cos φ̃k − sin φ̃k

sin φ̃k cos φ̃k

]
, Q12 = −δskσδφ

2

[
cos φ̃k

sin φ̃k

]
.

Observation prediction and matching

In this phase, the environment map M and the odometric prediction x̂k/k−1 are first
used to generate a vector of predicted range readings ẑk (one reading for each sonar):

ẑk = h(x̂k/k−1,M).

We shall not detail here the above computation. It should however be noted that h
reflects the way in which the environment map is represented—in our case, a list of
segments—as well as the (geometric) model of interaction between the environment
itself and the ultrasonic sensors.

The innovation term and the associated covariance are then computed as

vk = zk − ẑk, Sk ≈ Jh
x (x̂k/k−1)Pk/k−1(J

h
x (x̂k/k−1))

T + Rk,

where Jh
x (·) is the Jacobian matrix of h with respect to x and Rk is the covariance

matrix characterizing the observation noise (assumed to be a normally distributed
random variable with zero mean). Note that the first term of Sk represents the
uncertainty on the observation due to the uncertainty on the odometric prediction.

Most localization methods make use of a constant matrix Rk = R. However,
the measurement noise depends on the interaction between the sensor and the envi-
ronment, which is not likely to be invariant in space and time. For example, some
surfaces (say, glass) are more difficult to detect for ultrasonic sensors. To model this



fact, we have chosen to label each obstacle with a value representing the reliability of
the sonar range measure provided by that obstacle, and to modify the covariance ma-
trix R accordingly. This kind of mechanism may also be useful to allow for a certain
dinamicity in the environment (e.g., doors which may be either open or closed).

To avoid the inclusion of outliers in the correction phase, it is necessary to set up
a validation gate as follows [2]. The innovation term for the j-th sensor vk,j (i.e., the
j-th component of vk) is passed to the EKF only if

v2
k,j

sj

≤ β2, (4)

where sj is the j-th diagonal term of S and parameter β should be tuned by experi-
mental trials. Measures which fail to satisfy (4) are ignored by the EKF.

Extended Kalman Filter

At this stage, the Extended Kalman Filter is used to correct the odometric position
estimate on the basis of validated observations. In particular, the final position
estimate is obtained as

x̂k = x̂k/k−1 + Kkvk,

where Kk is the Kalman gain matrix

Kk = Pk/k−1J
h
x (x̂k/k−1)S

−1
k .

Finally, the covariance matrix associated with the final position estimate xk is given
by

Pk = Pk/k−1 −KkSkK
T
k .

EXPERIMENTAL RESULTS

Experiments trials have been carried out using a robotized wheelchair prototype built
at the robotics lab of the Universit di Roma Tre (see Fig. 2). The vehicle has two
driving wheels equipped with incremental encoders. Five ultrasonic sensors with a
radiation cone of about 90◦ are available. The first sonar is oriented in the forward
direction, while the other two couples make an angle of ±55◦ and ±90◦, respectively,
with the forward axis. The control software runs on a on-board notebook 486-PC
equipped with a data acquisition card (DAQPad 1200 by National Instruments), and
has been developed using the graphical language LabVIEW, while some of the most
time-critical routines have been written in C.

The results of a first experiment are given in Fig. 3. The environment is a long
corridor with a broadening at the beginning (where motion is started) and a right
turn in the second half. The average speed of the wheelchair is 0.4 m/s, while sonar
readings are collected every 0.3 s. As the wheelchair moves, it drips a light streak of
water on the floor, thereby allowing to reconstruct the actual path (shown by black
dots). First, localization with constant diagonal matrix Q was attempted. Extensive
testing showed that the best results were achieved using Q = diag(0.01, 0.01, 0.01)



Figure 2: The robotized wheelchair used in our experiments

(dotted line). The estimated trajectory diverges from the actual path in two high-
curvature points, due to wheel slippage. The algorithm was able to recover the first
displacement by properly using the available sensor information, but in the second
case the odometric error became too severe, and no sensor measure could be validated.
Thus, the position estimate was thereafter obtained by odometric measures only. Note
that towards the end of the motion the range reading due to the left wall is suddenly
validated but erroneously ascribed to the right wall; as a consequence, the algorithm
corrects the odometric estimate by ‘pushing’ it further below the right wall.

The result obtained with a variable odometric covariance matrix is shown in solid
line. In particular, the following formula was used

Q(uk) = γk




Rφ̃k

(
0.001 0

0 0.01

)
RT

φ̃k
0

0 0.01


 (5)

where γk, the output of the set of fuzzy rules, took values between 0.1 and 30 and
the off-diagonal blocks of eq. (3) have been neglected for the ease of computation.
Note the good accordance of the reconstructed path with the actual path. The mean
value of the position error was around 2.9 cm.

Figure 4 refers to the second experiment, which took place in the same environ-
ment and operating conditions of the first. Here, however, a white noise was added on
the measures coming from the dashed wall to simulate the presence of a surface with
poor ultrasonic diffraction properties. The dotted path was obtained by the localiza-
tion algorithm making use of a constant diagonal R to characterize the innovation
covariance due to sensor noise; therefore, all range measures were given the same
reliability independently of the surface that generated them. The solid path, which
was instead reconstructed by increasing the values of R for sensor readings coming
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Figure 3: First experiment: The actual robot positions (black dots) and the path
reconstructed by the localization system using a constant (dotted) and a variable
(solid) matrix Q. Scale is in meters.
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Figure 4: Second experiment: The actual robot positions (black dots) and the path
reconstructed by the localization system using using a constant (dotted) and a vari-
able (solid) matrix R to account for the ‘noisy’ wall. Scale is in meters.



from the dashed wall, follows accurately the actual movement of the wheelchair. In
both cases, the odometric error covariance matrix was computed according to eq. (5).

CONCLUSIONS

We have presented a localization system which successfully exploits ultrasonic sensor
readings as well as dead reckoning data to maintain a correct estimate of the position
of a mobile robot. The algorithm has the classical predictor-corrector structure of the
Extended Kalman Filter, and makes use of an environment map during the prediction
phase. The odometric error covariance matrix (Q) is changed during the motion on
the basis of the vehicle linear and angular velocities. In particular, the value of such
covariance is conveniently computed through a simple set of fuzzy rules. Second,
each obstacle surface in the available map is labeled with a value representing the
reliability of ultrasonic readings provided by that obstacle. This value is used to
determine the sensor error covariance matrix (R) at each step. Experimental trials,
performed on a robotic wheelchair equipped with five wide-beam sonars, have shown
the satisfactory performance of the method under realistic operating conditions.

ACKNOWLEDGMENTS

This work was partially supported by ENEA (Antartica national research program).

REFERENCES

1. P. Moutarlier and R. Chatila, “An experimental system for incremental environment modelling
by an autonomous mobile robot,” 1st Int. Symp. on Experimental Robotics, Montreal, CND,
pp. 327–346, 1989.

2. J. J. Leonard and H. F. Durrant-Whyte, “Mobile robot localization by tracking geometric
beacons,” IEEE Trans. on Robotics and Automation, vol. 7, no. 3, pp. 376–382, 1991.

3. J. Gonzalez, A. Stentz, and A. Ollero, “An iconic position estimator for a 2D laser rangefinder,”
1992 IEEE Int. Conf. on Robotics and Automation, Nice, F, pp. 2646–2651, 1992.

4. S. Atiya and G. D. Hager, “Real-time vision-based robot localization,” IEEE Trans. on Robotics
and Automation, vol. 9, no. 6, pp. 785–800, 1993.

5. A. A. Holenstein and E. Badreddin, “Mobile-robot position update using ultrasonic range mea-
surements,” Int. J. of Robotics and Automation, vol. 9, no. 2, pp. 72–80, 1994.

6. B. Triggs, “Model-based sonar localisation for mobile robots,” Robotics and Autonomous Sys-
tems, vol. 12, pp. 173–186, 1994.

7. P. MacKenzie and G. Dudek, “Precise positioning using model-based maps,” 1994 IEEE Int.
Conf. on Robotics and Automation, San Diego, CA, pp. 1615–1621, 1994.

8. H. F. Durrant-Whyte, “Where am I? A tutorial on mobile vehicle localization,” Industrial Robot,
vol. 21, no. 2, pp. 11–16, 1994.

9. G. Fortarezza, G. Oriolo, G. Ulivi, M. Vendittelli, “A mobile robot localization method for
incremental map building and navigation,” 3rd Int. Symp. on Intelligent Robotic Systems, Pisa,
I, pp. 57-65, 1995.

10. A. C. Gelb, Applied Optimal Estimation, MIT Press, Cambridge, MA, 1994.


