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Abstract. An iterative learning controller for steering chained-form systems is pre-
sented. The learning algorithm relies on chained-form systems being linear under
piecewise-constant inputs. The proposed control scheme requires the execution of a
limited number of experiments in order to reach the desired state in finite time, with
nice convergence and robustness properties with respect to modeling inaccuracies and
disturbances. To overcome the necessity of exact system re-initialization at each ex-
periment, the basic method is modified so as to obtain a cyclic controller, in which
the system is cyclically steered among an arbitrary number of states. As a case study,
a car-like robot is considered.
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1. INTRODUCTION

Chained-form systems have been recently introduced
as a canonical representation of nonholonomic mech-
anisms (Murray and Sastry, 1993). For these systems,
feedback stabilization to an equilibrium point is a diffi-
cult problem: in fact, the necessary conditions for smooth
stabilizability (Brockett, 1983) are violated. However,
the open-loop state steering problem can be solved rather
efficiently by exploiting the special chained structure.

In order to achieve robust performance, a possible ap-
proach is to use learning control, a methodology for im-
proving the performance of a control system through
iterative training (Moore, 1993; Bondi et al., 1988; Lu-
cibello, 1994). At each iteration, a new control law is
devised, based on the previous law and on the value of
the error. This approach has been used in applications
both for trajectory tracking and for state steering.
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In this paper, an iterative learning controller is pre-
sented that guarantees robust steering for chained-form
systems. The learning algorithm relies on the fact that
chained-form systems are linear under piecewise-constant
inputs. The proposed control scheme exhibits nice con-
vergence and robustness properties with respect to mod-
eling inaccuracies as well as to disturbances.

To establish the aforesaid properties, one must assume
that the system is exactly re-initialized at each itera-
tion. To overcome this drawback, we present a cyclic
learning controller, an extension of the basic learning
strategy in which the system is cyclically steered among
an arbitrary number of equilibrium points.

In the next section, we give a short introduction to
chained-form systems. Then, we present a learning con-
troller for a class of linear time-varying systems. The ba-
sic method is applied to chained-form systems in Sect. 4,
and extended to cyclic learning control in Sect. 5. The
application to a car-like robot concludes the paper.



   

2. CHAINED-FORM SYSTEMS

Consider the two-input driftless control system

ż1 = v1

ż2 = v2

ż3 = z2v1

...
żn = zn−1v1,

(1)

a special case of chained form called one-chain system.

The structure of system (1) is particularly interesting.
First, controllability is readily established on the basis of
the Lie algebra rank condition (Isidori, 1989). Moreover,
if we choose a constant value for v1, the system becomes
linear and behaves like a chain of integrators from z2 to
zn, driven by the input v2.

Murray (Murray, 1993) has given necessary and suffi-
cient conditions for converting a generic two-input drift-
less system

q̇ = h1(q)u1 + h2(q)u2 (2)

into chained form via input transformation v = α(q)u
and change of coordinates z = β(q). In particular, non-
holonomic systems with two inputs and n ≤ 4 state
variables can be always put in chained form.

Assume we wish to steer the chained-form system (1)
from z0 to zd. The design of open-loop control laws
for chained systems is relatively straightforward. Among
the proposed techniques, we mention the use of sinu-
soidal inputs (Murray and Sastry, 1993), of piecewise-
constant inputs (Lafferriere and Sussmann, 1991; Monaco
and Normand-Cyrot, 1992), and mixed piecewise-constant
and polynomial inputs (Tilbury et al., 1993). Hereafter,
we detail the latter approach, that will be adopted w.l.o.g.
to obtain our learning controller.

Let

v1(t) = γ(t) (3)

v2(t) = δ1 + δ2t+ . . .+ δn−1t
n−2, (4)

with γ(t) a piecewise-constant function and δ1, . . . , δn−1

constants. One can always choose γ(t) and δ1, . . . , δn−1

so as to steer system (1) from z0 to zd in a finite time
T . In fact, if γ(t) satisfies

T∫
0

γ(t)dt = zd1 − z0
1 ,

then the remaining n − 1 unknown coefficients δi’s can
be found by imposing the desired reconfiguration on the

variables z2, . . . , zn. By forward integration of eqs. (1),
the following linear relationship is derived

M(γ(t), T )


δ1
δ1
...

δn−1

+m(z0, γ(t), T ) =


zd2
zd3
...
zdn

 ,
where M(γ(t), T ) is a nonsingular matrix, provided

γ(t) 6= 0, for some t ∈ [0, T ]. (5)

3. LEARNING CONTROL FOR LINEAR SYSTEMS

In this section, we outline an iterative learning control
scheme for a special class of linear time-varying sys-
tems (Oriolo et al., 1996). Consider the system

ẋ(t) = A(t)x(t) +Bu(t), (6)

with t ∈ [0, T ], x(t) ∈ IRN , u(t) ∈ IRM , and x(0) =
x0. Given a sequence of p time intervals {δ1, δ2, . . . , δp},
such that T =

∑p
i=1 δi, and a corresponding sequence of

constant matrices {A1, A2, . . . , Ap}, assume that matrix
A(t) takes on the value Ai during the time interval δi, for
i = 1, . . . , p. Within each time interval, the control sys-
tem (6) is linear time-invariant. Furthermore, suppose
that the pair (Ai, B) is controllable, for all i.

Denote by xd the final desired state at time T . At each
iteration, the control system (6) is exactly re-initialized
at x0. Choose the steering control during the k-th iter-
ation as

u[k](t) =
N∑
j=1

c
[k]
j λj(t),

where λj : [0, T ] 7→ IRM is a piecewise-continuous func-

tion, and c[k] = (c
[k]
1 , . . . , c

[k]
N ) ∈ IRN is the current value

of the control coefficient vector c. The controllability
assumption guarantees that, if {λ1, . . . , λN} are prop-
erly chosen (e.g., polynomial functions), there exists a
unique control u?(t) in the above class (corresponding to
a unique coefficient vector c?) that achieves the desired
state xd in finite time.

Defining the time instants ti =
∑i
l=1 δl, for i = 1, . . . , p,

we have

x[k](ti) = Vi x
[k](ti−1) +Wi c

[k], (7)

where Vi and Wi are constant n×n matrices. Applying
iteratively eq. (7), we obtain at time tp = T

x[k](T ) = V x0 +Wc[k],

with the expression of the constant matrices V and W
easily obtained as composition of the elementary matri-
ces Vi’s and Wi’s.



      

At the end of the k-th iteration, the system positioning
error is defined as

e[k] = xd − x[k](T ).

Proposition 1 Let the control coefficient vector be up-
dated according to

c[k+1] = c[k] + Fe[k], (8)

where F is a N×N constant matrix such that the eigen-
values of (I −WF ) lie in the open unitary disk of the
complex plane. Then, the final positioning error e[k] con-
verges to zero as k →∞, uniformly and exponentially.

For the proof, which is straightforward, see (Oriolo et al.,
1996). If W is invertible, one may choose F = W−1, and
the learning algorithm converges in one iteration. Again,
controllability of the nominal system (6) guarantees that
the invertibility condition is always met.

In all practical situations, the presence of disturbances
on the nominal system (6) will require the execution
of multiple iterations. Being the convergence to xd both
uniform and exponential over the iterations, one can use
standard arguments (Hahn, 1967) to infer that small
non-persistent perturbations on the final positioning er-
ror dynamics are completely rejected, while small per-
sistent perturbations produce limited errors.

4. APPLICATION TO CHAINED FORMS

To apply the learning algorithm of the last section to the
chained-form system (1), observe first that the latter can
be written in the following form

ẋa(t) = v1(t) (9)

ẋb(t) =Ab(v1(t))xb(t) +Bbv2(t), (10)

with xa ∈ IR, xb ∈ IRn−1, and

Ab(v1(t)) =


0 0 0 . . . 0

v1(t) 0 0 . . . 0
0 v1(t) 0 . . . 0
...

...
. . .

. . .
...

0 . . . 0 v1(t) 0

 , Bb =


1
0
...
0

 .

In particular, xa = z1 while xb collects the remaining
state components z2, . . . , zn.

If v1 is chosen as a piecewise-constant function, as in (3),
the second subsystem (10) has exactly the linear time-
varying structure (6), and is easily verified to be control-
lable. Hence, an iterative controller for the chained-form
system (1) can be built by applying the learning algo-
rithm of Sect. 3 to both subsystems (9–10) as follows.

Choose the control input v
[k]
1 (t), for t ∈ [0, T ], as a

piecewise-constant function:

v
[k]
1 (t) =


γ

[k]
1 t ∈ [0, t1)
γ2 t ∈ [t1, t2)
...
γp t ∈ [tp−1, T ].

As the first subsystem (9) is a simple integrator, it is
sufficient to update the single parameter γ1 according
to eq. (8) in order to obtain convergence of xa = z1

to its desired value xda = zd1 . Note that at least one of
the other constant values γ2, . . . , γp should be nonzero to
guarantee that condition (5) holds in general. Otherwise,
these values can be arbitrarily chosen.

In order to compute v
[k]
2 (t), one uses v

[k−1]
1 (t) to build

the ‘latest’ 2 matrices Ab(v
[k−1]
1 (t)) and W (v

[k−1]
1 (t)) for

the second subsystem (10). Hence, letting

v
[k]
2 (t) = δ

[k]
1 + δ

[k]
2 t+ . . .+ δ

[k]
n−1t

n−2,

the learning algorithm (8) may be used to update the
control coefficient vector (δ1, . . . , δn−1).

As the evolution of xa is not influenced by the second

subsystem, v
[k]
1 (t) converges to the ‘correct’ value v?1(t),

which steers the first variable xa to its desired value xda,
even in the presence of disturbances. Hence, also the ma-
trix Ab(v1(t)) will converge to a matrix Ab(v

?
1(t)), and

the learning process on the second subsystem yields zero
error on the remaining state variables xb. For a formal
proof of this statement, as well as for a discussion of the
control robustness w.r.t. perturbations of the chained-
form system, see (Oriolo et al., 1996).

5. CYCLIC LEARNING CONTROL

A drawback of the learning control strategy so far pre-
sented is that the system must be exactly re-initialized
at each iteration. In the applications, this can be done
if a reliable homing procedure is available in order to
bring the system (e.g., a wheeled mobile robot) back
to its start configuration q0 before performing the next
experiment.

To overcome this problem, one may devise a cyclic learn-
ing controller, i.e., an iterative control strategy that
steers the state of the chained-form system along a se-
quence of desired states to be repeated over time (Lu-
cibello and Panzieri, 1994). For the sake of clarity, we
present the method for linear systems. The application
to chained-form systems is straightforward, and can be
derived along the same lines of the previous section.

2 In the implementation, it is convenient to use the ‘current’ ma-

trices Ab(v
[k]
1 (t)) and W (v

[k]
1 (t)).
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Fig. 1. Operation of a cyclic controller.

Assume we wish to steer system (6) iteratively along the
cyclic sequence of r+1 states {xd0, xd1, . . . , xdr−1, x

d
r ≡ xd0}

to be attained at instants {τ0 ≡ 0, τ1, . . . , τr−1, τr ≡ T},
with τl − τl−1 = ∆l, for l = 1, . . . , r (see Fig. 1). In
analogy with Sect. 3, we suppose that each interval ∆l

is composed by one or more subintervals δj , with A(t)
constant within each subinterval.

Let

x
[k]
l = x[k](τl), l = 0, . . . , r,

be the system state assumed at t = τl during the k-th
iteration, and choose the steering control input in each
interval ∆l as

u
[k]
l (t) =

N∑
j=1

c
[k]
j,lλj,l(t), t ∈ ∆l,

where λj,l : [τl−1, τl] 7→ IRM is a piecewise-continuous

function, and c
[k]
j,l ∈ IR, for l = 1, . . . , r.

Similarly to eq. (7), one gets

x
[k]
1 = Ṽ1x

[k]
0 + W̃1c

[k]
1 = Ṽ1x

[k−1]
r + W̃1c

[k]
1 (11)

x
[k]
l = Ṽlx

[k]
l−1 + W̃lc

[k]
l l = 2, . . . , r, (12)

where c
[k]
l = (c

[k]
1,l, . . . , c

[k]
N,l), and the expressions of ma-

trices Ṽl and W̃l can be easily obtained.

The value of each control coefficient vector cl (l = 1, . . . , r)
is obtained as the sum of a model-based feedforward
term and a ‘learned’ term:

c
[k]
1 = ĉ

[k]
1 − W̃−1

1 Ṽ1x
[k−1]
r

c
[k]
l = ĉ

[k]
l − W̃−1

l Ṽlx
[k]
l−1, l = 2, . . . , r.

The role of the feedforward term is to compensate the

effect of the last position x
[k]
l−1.

From eq. (12), the state of the closed-loop system at the
time instant τl is obtained as

x
[k]
l = W̃lĉ

[k]
l , l = 1, . . . , r. (13)

Define the positioning errors of the k-th iteration as

ε
[k]
l = xdl − x

[k]
l .

Proposition 2 Let each control coefficient vector ĉl =
(ĉ1,l, . . . , ĉN,l) be updated according to

ĉ
[k+1]
l = ĉ

[k]
l + F̃lε

[k]
l , l = 1, . . . , r, (14)

where F̃l (l = 1, . . . , r) is an N×N constant matrix such
that the eigenvalues of (I−W̃lF̃l) lie in the open unitary
disk of the complex plane. Then, the final positioning

errors ε
[k]
l converge to zero as k → ∞, uniformly and

exponentially.

Proof. To obtain the error dynamics, multiply (14) by
Wl and subtract xdl

W̃lĉ
[k+1]
l − xdl = W̃lĉ

[k]
l + W̃lF̃lε

[k]
l − xdl ,

and use (13) to write

ε
[k+1]
l = (I − W̃lF̃l)ε

[k]
l , l = 1, . . . , r,

which shows that ε
[k]
l → 0 as k → ∞, uniformly and

exponentially. The existence of a matrix F̃l satisfying
the hypothesis, for l = 1, . . . , r, is guaranteed by the
controllability assumption on system (6).

6. APPLICATION TO A CAR-LIKE ROBOT

Consider a robot having the same kinematic model of
an automobile, as shown in Fig. 2. For simplicity, we
assume that the two wheels on each axis (front and rear)
collapse into a single wheel located at the midpoint of
the axis (bicycle model). The front wheel can be steered
while the rear wheel orientation is fixed.

For a rear-wheel drive car, the kinematic model (2) is
ẋr
ẏr
θ̇

φ̇

 =


cos θ
sin θ

1

`
tanφ

0

u1 +


0
0
0
1

u2, (15)

where u1 and u2 are the driving and steering velocity
inputs, respectively. Note the presence of a control sin-
gularity at φ = ±π/2.

To convert this system into chained form, use the change
of coordinates

z1 = xr z2 =
1

`
sec3 θ tanφ

z3 = tan θ z4 = yr,

together with the input transformation

u1 = v1 cos θ

u2 =−3

`

sin θ

cos2 θ
sin2 φ v1 + ` cos3 θ cos2 φ v2.



     

`

φ

θ

xr

yr

Fig. 2. Car-like robot. The generalized coordinates vector is
q = (xr, yr, θ, φ), where (xr, yr) are the coordinates of the
rear-axle midpoint, θ measures the orientation of the car
body with respect to the x axis, and φ is the steering angle.

The transformed system is in the form (1), with n = 4.
The above change of coordinates is only locally defined,
since θ 6= ±π/2 must hold.

The basic learning scheme of Sect. 4 has been applied to
the car-like robot (15), with ` = 0.2 m. We have run one
simulation with traveling time T = 5 sec. Only an esti-
mate q̃d of the final desired configuration is known for
the first iteration. However, at the end of each iteration
an exact measure of the positioning error is available
(e.g., by means of a localization system). To show the
robustness of the controller, we have introduced some
additional disturbance. In particular, in simulation we
have changed the profile of v1(t), multiplying it by a
trapezoidal window. This corresponds to the presence
of a speed rate limiter on the driving wheels.

The start and the desired final configuration were re-
spectively specified as q0 = (−0.6, 0, π/4, 0) and qd =
(0, 0, π/4, 0) (meters/rads). At the first iteration, the
uncertainty vector qd − q̃d is given as (0.1, 0.15, 0.1, 0).
Since zd1 6= z0

1 , the structure of the steering control law
has been chosen as

v1(t) = γ̄

v2(t) = δ1 + δ2t+ δ3t
2,

for t ∈ [0, 5]. The results of the proposed learning con-
troller are shown in Fig. 3. Nine iterations were needed
to achieve correct steering. The car configurations at
the end of iterations 1, 3, 5 and 7 are shown dotted to
display the convergence behavior.

To show how the cyclic controller can be used to avoid
the necessity of exact re-initialization, we present a sec-
ond simulation for the same car-like robot. The cycle is
specified by three configurations only: q0 = (0, 0, 0, 0)
(home), qd = (1.5, 1, π/4, 0) (goal) and q0 again, to be
attained at t = 0 sec, t = 5 sec and t = T = 10 sec,
respectively. Inside each of the two time intervals [0, 5)
and [5, 10], the steering control law has the same struc-
ture of the previous simulation.
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Fig. 3. Results for the first simulation.

The obtained results are shown in Figs. 4–6. In par-
ticular, Fig. 4 shows the resulting path from q0 to qd.
The numbers in the plot refer to successive positions
attained by the robot. For the sake of clarity, only five
iterations are depicted (each iteration is composed by a
forward/backward motion). Note that, even if the mo-
tion is started exactly at the home configuration q0, at
the end of the first iteration the robot is displaced to
a different configuration (the point marked ‘2’ in the
plot). However, as the learning algorithm proceeds, the
goal and the home configurations are attained with in-
creasing precision (e.g., the points marked ‘8’ and ‘9’
are obtained after the fifth iteration). This convergence
is confirmed by the plots in Figs. 5–6. The first shows
the evolution over the iterations of the cartesian posi-
tioning error at the home and the goal configurations.
The second is the same plot for the orientation error.

7. CONCLUSION

We have presented an iterative learning control method
for steering systems in chained form. The application of
this method requires the execution of repeated trials in
order to achieve a final desired state in finite time: at
the end of each trial, an updated control law is com-
puted on the basis of its previous expression and of the
final state error. The learning algorithm is designed so
as to take advantage of the special structure of chained-
form systems, and specifically of their linear behavior
under piecewise linear controls. The proposed method
has been easily modified so as to devise a cyclic learn-
ing controller, avoiding the necessity of exact system
re-initialization between successive trials.



     

As a case study, we have considered the car-like robot,
a nonholonomic system that can be put in chained-form
via coordinate transformation and state feedback.

Simulation of various maneuvers as well as experimental
results on a laboratory prototype are reported in (Oriolo
et al., 1996). Work in progress includes the inclusion of
optimality criteria (e.g., minimum curvature paths) via
the overparameterization of the learning controller.
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Fig. 4. Second simulation: path traced by the vehicle after 5 it-
erations of the cyclic controller.
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Fig. 5. Second simulation: evolution of the cartesian positioning
error at the home and goal configurations.
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