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Abstract
The problem of tracking output trajectories gen-

erated by a finite dimensional exosystem using a fi-
nite dimensional iterative learning algorithm has been
largely considered in literature for linear systems. In
this paper, for a class of nonlinear systems, a piece-
wise continuous reference is considered and a suitable
norm of the output error is minimised rather then
zeroed. An application to robotic manipulators con-
cludes the paper.

1 Introduction

In a recent work [1] a new iterative learning al-
gorithm for output tracking of linear, finite dimen-
sional, dynamic systems has been presented. The con-
trol system used in that paper is defined by extending
the plant with a finite dimensional linear exosystem
from which depend both the plant control input and
the output reference trajectory. An output zeroing
problem is hence solved by means of a robust iter-
ative learning algorithm, finding an initial condition
for both plant state and exosystem state such that the
difference between the plant output and the reference
trajectory is zeroed.

The learning of the initial condition strongly differ-
entiates the algorithm in [1] w.r.t. others available in
the literature. The output tracking by iterative learn-
ing problems that can be found in most of the actual
literature (see for example [2, 3, 4, 5, 6]) consist in
requiring that a function of the plant state exactly
tracks a desired function of the time belonging to some
infinite-dimensional linear space. This amplitude of
the set of desired output trajectories leads to learn-
ing algorithms that are infinite-dimensional. In con-
trast, the exosystem formulation above presented re-
duces the set of desired output trajectories to a finite-
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dimensional one, and then the problem is solved with
a finite-dimensional learning algorithm.

The purpose of this paper is to present an extension
of the algorithm introduced for linear systems in [1],
and applied in [7] to a flexible link, to a class of non-
linear systems, namely quasi-linear systems, that will
be described in Section 3. A piece-wise continuous
reference that cannot be generated by a linear exosys-
tem is considered and a suitable norm of the output
error is minimised rather then zeroed. The novelty
of this approach, i.e., the choice of simply minimising
the output error, is forced to the consideration that
the zeroing result is non possible for such systems.

In Section 4 an application to rigid robotic manip-
ulators, transformed into quasi-linear systems via an
appropriate feedback, is described and some experi-
ments conclude the paper.

2 Problem setting
Let Y and W be the linear space of piece-wise con-

tinuous mappings [0, T ] → <m and [0, T ] → <w ,
respectively. On these spaces consider the following
inner product and norm

< χ1(t), χ2(t) > =

T∫

0

χ
′
1(t)χ2(t)dt (1)

‖χ1(t)‖ =
1
2

T∫

0

χ
′
1(t)χ1(t)dt. (2)

Denote by Z a neighborhood of the zero of <q, q ≥
m, and by D a neighborhood of the zero of W . Let’s
consider a control system as defined by a continuous
mapping

Γ : Z ×D → Y, y = Γ(ζ, d) (3)

where ζ ∈ Z is the control variable, d ∈ D the distur-
bance, and y ∈ Y the output of the system.

For system (3), we wish to solve, by means of an
iterative learning algorithm, the following problem.



Problem 1 Optimal output regulation problem:
given the control system (3) and a fixed disturbance
d ∈ D, find a control ζ ∈ Z, such that ‖y‖ is min-
imised.

In a learning contest, a quite general approach to
this problem would be assuming that the function Γ is
not available and that the disturbance d is unknown.
Under the hypothesis that the disturbance does not
change from trial to trial, at each trial the value of
the function Γ can be computed and the search for
the minimum tentatively accomplished in the frame-
work of nonlinear programming (see e.g.[8]). In other
words, one may try to use one of the existing optimisa-
tion algorithms, that do not need the prior knowledge
of the derivatives of the function to be minimised.

Here we do not discuss the implementation of non-
linear programming algorithms and we focus on an ap-
proach based upon the hypothesis that we have a par-
tial knowledge of the control system to be regulated.
In particular we restrict the analysis to a specific class
of control systems, that we define as quasi-linear and
for which we introduce a suboptimal algorithm. This
analysis is developed in next Section, where the mean-
ings of quasi-linear and suboptimal are made precise.

3 A suboptimal algorithm for quasi-
linear systems

Suppose that the output of the control system (3)
could be cast in the following form

y(t, ζ) = Ψ(t)ζ + γ(t) + ελ(ζ, t, ε) ζ ∈ <q, t ∈ [0, T ]
(4)

where y(t, ζ) ∈ <m, Ψ(t) is a linear map between <q

and <m, γ(t) ∈ <m is the disturbance, and λ(ζ, t, ε)
is a possibly nonlinear function, two times continu-
ously differentiable with respect to ζ and continuously
differentiable (smooth) with respect to the small pa-
rameter ε ∈ <. Functions Ψ(t), γ(t), and λ(ζ, t, ε) are
supposed to be piece-wise continuous with respect to
t ∈ [0, T ].

A system whose output has the form (4) is referred
to as quasi-linear, being the output y(t, ζ) linear with
respect to ζ for ε = 0.

Given the output (4), the function ϕ(ζ) to be min-
imised, according to the defined norm, assumes the
form

ϕ(ζ) = ‖y(t, ζ)‖ =
1
2
ζ
′
Nζ + β

′
ζ + µ + εα(ζ, ε) (5)

with

N = 2 ‖Ψ(t)‖ , β =< Ψ(t), γ(t) >, µ = ‖γ(t)‖

α(ζ, ε) =

T∫

0

λ
′
(ζ, t, ε)(Ψ(t)ζ + γ(t) +

ε

2
λ(ζ, t, ε))dt

Lemma 1 Assume that N is invertible, then for suf-
ficiently small ε the function (5) has an isolated min-
imum.

Proof. The stationary condition for (5) gives

σ = Nζ + β + ε
∂

∂ζ
α(ζ, ε) = 0 (6)

with σ the gradient of the objective function. Due to
invertibility of N and its positive definition an isolated
minimum exists for ε = 0. Moreover, since ∂

∂ζ α(ζ, ε)
is smooth, by the Implicit Function Theorem [9] an
isolated minimum, smoothly dependent on ε, exists
also for sufficiently small ε.‡

From now on we assume that the matrix N is in-
vertible.

A classic approach to solve the given optimisation
problem could be using a quasi-Newton algorithm [8].
Suppose that the gradient of the objective function
could be computed at the k-th trial and that N is
known. Denote by ζk and σk the values of the control
variable and of the gradient at the k-th trial, respec-
tively. Since N is a good approximation of the Hessian
for small ε, we could try to reach the minimum by us-
ing the following rule

ζk+1 = ζk −N−1σk. (7)

Lemma 2 For sufficiently small ε, the sequence (7)
converges to a point ζ∞ smoothly dependent on ε and
σk → 0 as k →∞.

Proof. By simple algebraic manipulations, we get from
eqs. (7) and (6)

ζk+1 = −N−1β − εN−1 ∂

∂ζ
α(ζ, ε)

∣∣∣∣
ζ=ζk

= T (ζk, ε).

(8)
Now, since λ(ζ, t, ε) is two-times continuously differen-
tiable with respect to ζ, then for each ε smaller than a
given ε̄, the function ∂

∂ζ α(ζ, ε) is continuous together
with its first derivative and hence Lipshitzian:
∥∥∥∥∥

∂

∂ζ
α(ζ, ε)

∣∣∣∣
k

− ∂

∂ζ
α(ζ, ε)

∣∣∣∣
k−1

∥∥∥∥∥ ≤ M ‖(ζk − ζk−1)‖ .

(9)
Then, the mapping T (ζk, ε) satisfies the following in-
equality

‖T (ζk, ε)− T (ζk−1, ε)‖ ≤ −εN−1M ‖(ζk − ζk−1)‖
(10)

and, being ζ in a normed Euclidean space (a Banach
space), the contraction mapping Theorem applies [9]
with ε sufficiently small. This implies ζk → ζ∞ while
σ → 0 as k → ∞. In particular, for ε = 0, eq. (7) is
globally convergent in one step to

ζ∞ = ζ̄∞ = −N−1β. (11)



The smooth dependence of ζ∞ on ε has already
been shown in Lemma 1.‡

Consider now the more general case that the system
to be regulated is only partially known. In particular
assume that the term ελ(ζ, t, ε) is unknown. In this
case, the gradient of the objective function cannot be
exactly computed and can either be numerically ap-
proximated by repeated trials on the system, or esti-
mated on the basis of the nominal linear part of the
system. As already said, the first of these options is
covered by existing numerical routines [8], and than
we focus on the second one. An approximate gradi-
ent of the objective function can be computed at each
trial by using the formula

ψ=

T∫

0

Ψ
′
(t)y(t)dt, (12)

and instead of (7), we can use the following updating
rule

ζk+1 = ζk −N−1ψk. (13)

where ψk denotes the values of the approximate gra-
dient at the k-th trial.

Theorem 1 For sufficiently small ε, the sequence
(13) converges to a point ζ̂∞ smoothly dependent on
ε, while ψk → 0 as k →∞. The point of convergence
ζ̂∞, is suboptimal in the sense that it continuously ap-
proaches the optimal one ζ̄∞ defined in Lemma 2, as
ε → 0.

Proof. By substituting the expression of ψ in (13),
we get

ζk+1 = ζk −N−1(Nζk + β +

T∫

0

Ψ
′
(t)ελ(ζ, t, ε)dt)

= −N−1β − εN−1α̂(ζk, ε) = T̂ (ζk, ε) (14)

with

α̂(ζk, ε) =

T∫

0

Ψ
′
(t)λ(ζk, t, ε)dt. (15)

Now, since α̂(ζk, ε) is smooth, ∀ζ0 and for suffi-
ciently small ε, the same steps showed in Lemma 2
can be followed for T̂ (ζ, ε) and then the convergence
of the sequence {ζk} can be deduced. This also implies
that ψk → 0 as k →∞.

Last, since ψ depends smoothly on ε, by apply-
ing the Implicit Function Theorem [9] to the equation
ψ = 0 in a neighborhood of ε = 0, we see that the
solution smoothly depends on ε and this proves its
suboptimality.‡

4 Robotic manipulators
Consider the class of systems known as rigid robot

arms described by the equation

B(q(t))q̈(t) + n(q(t), q̇(t)) = f(t) (16)
t ∈ [0, T ], q(t) ∈ <n, q(0) = q0, q̇(0) = q̇0

where q(t) is the vector of the joint positions, B(q(t))
is the positive definite matrix of inertia, n(q(t), q̇(t))
the vector of centripetal and gravitational forces, f(t)
the vector of the n joint forces, and define its output
as

y(t) = q(t)− qd(t) (17)

with qd(t) the vector of joint position to be tracked.
Say D(q(t)) the inverse of B(q(t)). D(q(t)) and
n(q(t), q̇(t)) have continuous partial derivatives up
through order h ≥ 2. On the time interval [0, T ], the
function qd(t) and its derivatives may have a finite
number of discontinuities. In the sequel, for sake of
clarity, we denote by $(t) the vector of joint velocities
q̇(t).

Now, close a feedback around joint velocities and
set

f(t) = −1
ε
($(t)− v(t)) ε > 0 (18)

with v(t) the new control input. We have

q̇(t)=$(t) (19)
ε$̇(t)=−D(q(t))[$(t)− v(t)− εn((q(t), $(t)))] (20)
$(0)=q̇0 q(0) = q0

Sending ε → 0, i.e., applying an high gain feedback,
the robot arm system is singularly perturbed [9] and
splits in a fast and slow system. The slow system is
obtained by setting ε = 0

q̇(t) = $(t) q(0) = q0 (21a)
$(t) = v(t). (21b)

Assume that v(t) in (20) has continuous first deriva-
tive, and let q∗(t) be the smooth solution of the slow
system (19). Let ς(t) denote the fast transient of $(t),
with τ the fast time, such that ετ = t. The dynamics
of ς(τ) is obtained by replacing $(t) with ς(t) + q̇∗(t)
in the system dynamics and setting ε = 0

dς(τ)
dτ

= −D(q∗(t))ς(τ) ς(0) = q̇0 − q̇∗(0) (22)

Since D(q(t)) is positive definite and lower bounded
on [0, T ], the fast system is exponentially stable, uni-
formly w.r.t. t ∈ [0, T ], and Tikhonov’s theorem [9]
applies. This theorem states that for sufficiently small
ε and ς(0), the following approximation holds

q(t) = q∗(t)+O(ε) = q0+

t∫

0

v(ϑ)dϑ+O(ε) t ∈ [0, T ]

(23)
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Figure 1: Linear tip trajectory with s = 1
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Figure 2: Linear tip trajectory with s = 7

where O(ε) is a term of order ε, i.e.,O(ε) < k|ε| for
some positive constant k.

Now, to build the input v(t) that minimise the
norm of the output y(t) defined in (17), i.e, able to
steer the robotic system along the required output
trajectory, and to transform the robotic system into
the form (4), we dynamically extend system (21) by
means of s integrators, letting

dsv(t)
dts

= 0
div(t)
dti

= v(i) i = 0, ..., s− 1. (24)

Set

ζ = (q0, v
(0)
0 , ..., v

(s−1)
0 ), (25)

and consider equation (23): since
t∫

0

v(ϑ)dϑ =
s−1∑

i=0

ti+1

i!
v(i) (26)

for sufficiently small ε > 0, the robot output takes the
form of equation (4)

y(t, ζ) = Ψ(t)ζ − qd(t) + ελ(ζ, t, ε) (27)

with

Ψ(t)ζ = q0 +
s−1∑

i=0

ti+1

i!
v(i). (28)

The function λ(ζ, t, ε) has continuous partial
derivatives up through order h > 2 with respect to
ζ and ε. Moreover it easy to see that the mapping

N =

T∫

0

Ψ
′
(t)Ψ(t)dt (29)

is invertible and then Theorem 1 applies.

Remark 1 The inversion of matrix N is a quite del-
icate task. Even if its invertibility is proven, increas-
ing the dimension s of the exosystem leads rapidly to
an ill-conditioned problem that can be only partially
avoided making a different choice of the basic func-
tions generated by the exosystem (now polinomials
using (24)).

Remark 2 The procedure introduced requires the
initialisation of the system to an arbitrary point ζ of
some open set of the state space. To overcome diffi-
culties that may arise for some physical systems, in
particular when non zero initial conditions must be
achieved for the first n components of vector ζ, an
iterative steering algorithm for robotic systems can
be implemented as in [10]. This task can be accom-
plished only through the control input v(t) and, fol-
lowing the approach of [1], it is possible to combine the
two learning processes in a single learning algorithm,
implementing both initial state steering and search of
the correct initial condition.

5 Simulations and experimental results

To show the feasibility of the proposed algorithm,
some simulations have been performed using the
model of an experimental open chain planar arm with
two rigid links and two revolute joints. Moreover,
some experiments have been carried on using the real
arm. The physical data of the robot are respectively
for the first and second link: lengths equal to 0.3
m and 0.7 m, moments of inertia J1 = 0.285Kg m2

and J2 = 0.3033Kg m2, static moments 0.9801 Kg m
and 0.65 Kg m, and the mass of the second link is
equal to 1.8571 Kg. Each joint is actuated by a di-
rect drive DC motor and is equipped with an encoder
and a tachometer. The encoders resolution is equal to
π/10000 rad.

The robot is digitally controlled by means of a per-
sonal computer using a sampling frequency of 200 Hz
for each signal. Analog feedbacks from the tachome-
ters signals are closed at the joints and, in addition,
a proportional derivative feedback has been digitally
closed around the angular positions. An integrator
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Figure 3: Linear trajectory error for s = 1, 2, 3, 7
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Figure 4: Index error for linear tip trajectory and
s = 7

for each channel has been added to smooth the new
control signal. The overall values of the PD controller
gains are Kp = (7, 2) Kg m for the proportional part
and Kd = (2, 4) Kg m sec for the derivative one. The
arm has been tilted of approximately 10 degrees to
introduce a nonlinear perturbation due to gravity ef-
fect that has been considered also for simulation. By
means of the known robot inverse kinematics, two ref-
erence joint trajectories have been generated starting
from a tip reference trajectory. For both links, the
dynamic extension used is a chain of integrators.

In the first simulation, the robot has to track, with
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Figure 5: Non-smooth tip trajectory with s = 9
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Figure 6: Non-smooth tip trajectory error for s = 9
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Figure 7: Experiment with s = 7

constant velocity, a linear reference tip trajectory over
a time interval of 2 seconds. Robot’s tip is requested
to move between the points (0.9, 0) and (0.5, 0.3). An
initial time interval of one second is allowed to steer
the robot from home (1, 0) to the correct initial state
at t = 0. A different behavior of the algorithm is ob-
tained according to the dimension of the dynamical
extension (24). In Figs. 1 and 2 the trajectories ob-
tained at the 10-th iteration with s = 1 and s = 7
respectively are shown. Note that increasing the di-
mension of the exosystem, i.e., the number of linear
modes that can be internally generated, the algorithm
shows a better performance that is confirmed by Fig. 3
where, for different values of s, the cartesian error
for the tip trajectory is reported. In particular, to
show that the convergence is geometric, referring to
the s = 7 case, in Fig. 4 the norm of ψ, as defined in
(12), is reported for each link along 10 iterations. Note
that the trajectory, during the initialisation phase, can
change in shape due to the different dimensions of the
dynamic extensions.

Another simulation has been performed using a
non-smooth tip reference trajectory build with two
linear segments showed in Fig. 5. Velocity along the
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Figure 8: Experiment trajectory error with s = 7

path has constant absolute value of 0.2m/s and an-
other second has been allowed to reach the initial con-
dition starting from the tip home position (1, 0). In
the same Figure the robot trajectory at 10-th iteration
with s = 9 is reported and, in Fig. 6, the trajectory
error is shown.

Finally, by using the laboratory set up above de-
scribed, the algorithm has been also experimentally
tested. The robot performance while attempting to
track the reference tip trajectory already introduced
is illustrated in the graphs reported in Figs. 7 and 8.
Note that, even in the real case, the tracking is better
where the trajectory can be generated by the exosys-
tem getting worse approaching the speed discontinu-
ity.

6 Conclusions

The paper deals with quasi-linear systems and
shows how, through an appropriate state extension,
and the use of an iterative learning algorithm, it is
possible to track a piece-wise continuous output tra-
jectory minimising a suitable norm of the error. Fu-
ture work will be devoted to analyse both the relation
between state extension and error minimisation, and
to better understand the condition under which sub-
optimal procedure becomes optimal in the fully linear
case. Finally, a deeper investigation will be devoted
to the design of an opportune state extension to avoid
ill-conditioning in the computation of mapping N .
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